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Abstract 

The M-theory lift oi M = 1 G'2-invariant RG flow via a combinatoric use of the 4- 
dimensional RG flow and 11-dimensional Einstein-Maxwell equations was found some time 
ago. The 11-dimensional metric, a warped product of an asymptotically AdS^ space with 
a squashed and stretched 7-sphere, for S't/(3)-invariance was found before. In this paper, 
by choosing the 4-dimensional internal space as CP^ space, we discover an exact solution of 
M = 1 G2-iiivariant flow to the 11-dimensional field equations. By an appropriate coordinate 
transformation on the three internal coordinates, we also find an 11-dimensional solution of 
M = 1 (j2-invariant fiow interpolating from JV = 8 S'0(8)-invariant UV fixed point to A/" = 1 
G2-iiivariant IR fixed point. In particular, the 11-dimensional metric and 4-forms at the A/" = 1 
G2 fixed point for the second solution will provide some hints for the 11-dimensional lift of 
whole A/" = 1 SU{3) RG fiow connecting this A/" = 1 G2 fixed point to A/" = 2 SU{3) x U{1)r 
fixed point in 4-dimensions. 



1 Introduction 



The low energy limit of N membranes at C'^/Z^ singularity is described in the context of 3- 
dimensional M {N) x U [N] Chern-Simons matter theory with level k [1]. For particular 

level k = 1,2, the maximal J\f — 8 supersymmetry is preserved. The matter contents and the 
supcrpotential of this theory coincide with the ones in the theory for D3-branes at the conifold 
in 4-dimensions [2]. The renormalization group (RG) flow of the 3-dimensional theory can be 
studied from the 4-dimensional Af — 8 gauged supergravity via AdS^/CFT^ correspondence 
[3]. The holographic Af — 2 supersymmetric SU (3) x ^-invariant RG flow connecting the 
maximally supersymmetric = 8 SO{8) ultraviolet (UV) point to Af ^ 2 SU{3) x U{1)r 
infrared (IR) point has been found in [4, 5, 6] while the Af = 1 supersymmetric G2-invariant 
RG flow from this maximally supersymmetric Af — 8 SO (8) UV point to jV = 1 G2 IR point 
has been discussed in [5, 7]. The former has SU{3) x U{l)ji symmetry around IR region 
including the IR critical point and the latter has G2 symmetry around IR region as well as 
the IR critical point. The 11-dimensional M-theory lifts of these two RG flows have been 
described in [8, 7] by solving the Einstein-Maxwell equations explicitly in 11-dimensions. 

The mass deformed U{2)xU{2) Chern-Simons matter theory with level k = 1,2 preserving 
the above global Af — 2 SU{3) x U{l)ji symmetry has been found in [9, 10] while the mass 
deformation for this theory preserving Af — 1 G2 symmetry has been found in [11]. Further 
nonsupersymmetric RG flow equations preserving two SO {7)"^ symmetries have been studied 
in [12]. The holographic Af — 1 supersymmetric 5'[/(3)-invariant RG flow equations connect- 
ing Af — 1 G2 point to Af — 2 SU{3) x [/(1)r point in 4-dimensions have been studied in 
[13]. Moreover, the other holographic supersymmetric RG flows have been found and further 
developments on the 4-dimensional gauged supergravity (see also [14, 15]) have been made in 
[16, 17]. 

The spin-2 Kaluza-Klein modes around a warped product of AdS4 and a seven-eUipsoid 
having above global Af — 1 G2 symmetry are discussed in [18]. The gauge dual with Af — 2 
SU{2) X SU{2) X U{1)r symmetry for the 11-dimensional hft of SU(Z) x [/(l)R-invariant 
solution in 4-dimensional supergravity is described in [19] (see also [20]). The 11-dimensional 
description preserving Af — 2 SU{2) x U{1) x U{1)r symmetry is found in [21] and the 
smaller Af — 2 U{1) x U{1) x U{1)r symmetry flow is discussed in [22]. All of these have 
common U{l)ii factor corresponding to jV^ = 2 supersymmetry. The symmetries come from 
the symmetry each 5-dimensional Sasaki-Einstein space has. 

When the 11-dimensional theory from the 4-dimensional gauged Af — 8 supergravity 
is constructed, the various 11-dimensional solutions occur even though the flow equations 
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characterized by the 4-dimensional supergravity fields are the same. This is mainly due to 
the fact that the 11-dimensional metric with common geometric parameters is different from 
each other. The same flow equations [4, 7, 5] in 4-dimensions, playing the role of geometric 
parameters in the internal space, provide different 11-dimensional solutions to the equations 
of the motion for 11-dimensional supergravity [8, 19, 21, 22]. The invariance of 11-dimensional 
metric and 4-forms determines the global symmetry. Sometimes the 4-forms restrict to the 
global symmetry the metric possesses and break further into the smaller symmetry group. 

The compact 7-dimensional manifold in the compactiflcation of 11-dimensional supergrav- 
ity can be described by the metric encoded in the vacuum expectation values for 4-dimensional 
Af = 8 gauged supergravity [23]. The S'[/(3)-singlet space contains various critical points [24] 
and RG flows (domain walls) along the AdS4^ radial coordinate. Based on the nonlinear metric 
ansatz by [25], the geometric construction of the compact 7-dimensional metric is found and 
the local frames are obtained by decoding the SU (3)-singlet vacuum expectation values into 
squashing and stretching parameters of the 7-dimensional manifold [26]. The M-theory lift of 
a supersymmetric RG flow can be done, in general, as follows. We impose the nontrivial AdS4 
radial coordinate dependence of vacuum expectation values subject to the 4-dimensional RG 
flow equations [4, 7, 5]. Then the geometric parameters in the 7-dimensional metric at certain 
critical point are controlled by the RG flow equations so that they can be extrapolated from 
the critical points. Next, we make an appropriate ansatz for the 11-dimensional 4-form fleld 
strengths. Finally, the 11-dimensional Einstein-Maxwell bosonic equations [27, 28] can be 
solved by using the RG flow equations [4, 7, 5] to complete the M-theory uplift. 

The S'f/(3)-singlet space with a breaking of the 5*0(8) gauge group into a group which 
contains SU{3) can be represented by four real supergravity flelds [24]. Although the flnal 
goal is to solve the 11-dimensional Einstein-Maxwell equations to complete the 11-dimensional 
lift of the whole S'?7(3)-invariant sector (that contains four supergravity flelds) including 
the RG flows [5], we focus on the G2-invariant sector (which is a subset of above SU{3)- 
invariant sector) in 4-dimensional viewpoint by constraining the four arbitrary supergravity 
flelds together with the particular condition. There exist a supersymmetric M = 1 G2 critical 
point and two nonsupersymmetric 5*0(7)^ critical points [29, 30] in this sector. If we take 
the different constraints on the supergravity flelds, then we are led to the S'f/(3) x U{1)r- 
invariant sector where there are a supersymmetric M = 2 SU{3) x U{1)r critical point and a 
nonsupersymmetric SU{4)~ critical point [31]. 

The 11-dimensional metric is found by [26] where the compact 7-dimensional metric and 
warp factor are completely determined in local frames. The two geometric parameters, by 
constraints, that are nothing but the above supergravity fields, depend on the AdS^ radial 
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coordinate and are subject to the RG flow equations [7, 5] in 4-dimensional gauged super- 
gravity. The global coordinates for S'' appropriate for the base six-sphere ~ sufs) P^^^serve 
the Fubini-Study metric on CP^ and this describes the ellipsoidally deformed [25]. On the 
other hand, by using the relation to the Hopf fibration on CP^ ~ su^3)><uii) explicitly and 
keeping only the CP^ space, one can change the remaining three local frames in 7-dimcnsional 
manifold via an orthogonal transformation [26]. Each global coordinates depends on each base 
six-spheres they use. 

What is the 11-dimcnsional lift of holographic A/" = 1 supersymmctric S'f/(3)-invariant RG 
flow [13] connecting from = 1 G-z critical point to A/" = 2 SU{3) x U{1)r critical point? At 
each critical point, the 4-forms arc known in different background. Along the supersymmctric 
RG flow, one expects that there exist the extra 4-forms which should vanish at the critical 
points. In order to describe the whole RG flow, one needs to have the consistent background. 
Around M = 2 SU{3) x U{1)r 1R flxed point, the use of global coordinates for Hopf flbration 
on CP^ was done in [8]. Around J\f = I G2 IR flxcd point, the global coordinates for S'' 
appropriate for the base six-sphere was used in [7]. Therefore, either one should flnd the 
CP^-basis around A/" = 1 IR fixed point, or one needs to find S^-basis around A/" = 2 IR fixed 
point. Recently, the latter is studied in [32]. Now then wc are left with the former. 

In this paper, we find out an exact solution of A/" = 1 G'2-invariant fiow (connecting from 
the A/" = 8 5*0(8) UV fixed point to A/" = 1 (^2 IR fixed point) to the 11-dimensional Einstein- 
Maxwell equations where the internal space contains the CP^ space. By an appropriate 
coordinate transformation, we also find a 11-dimcnsional solution of A/" = 1 G'2-invariant 
fiow (connecting from the A/" = 8 5*0(8) UV fixed point to A/" = 1 0*2 IR fixed point) in 
different background where the rectangular coordinates we use are the same as the ones in 
[8]. The two solutions share the same geometric parameters satisfying the common RG flow 
equations [7] in 4-dimensional gauged A/" = 8 supergravity. At the A/" = 1 IR critical point, 
we have found both the metric and 4-forms explicitly. They are completely different from 
the previous flndings in [7] in the sense that the rectangular coordinates with speciflc angular 
coordinates are the same as the one in [8] and they are different parametrization from the one 
in [7]. This flnding will give us some hints for the flnal goal, the 11-dimensional lift of A/" = 1 
supersymmctric SU (3)-invariant RG flow connecting from A/" = 1 O2 fixed point to A/" = 2 
SU{3) X U{1)r fixed point. 

In section 2, wc introduce the six basis vectors living in the unit round six-sphere 
and the normal vector perpendicular to in the context of octonion description [33]. The 
three G'2-invariant tensors arc determined by the components of these seven frames. Then 
the 4-forms are given by these G2-invariant tensors as well as a geometric superpotential [7]. 
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By applying these 4-forms with varying scalars, the exact solution [7] to the 11-dimensional 
Einstein-Maxwell equations corresponding to the 11-dimensional lift of the jV = 1 G2-iiivariant 
RG flow is reviewed. 

By taking the different spherical paramctrization where the CP^ structure is evident, the 
six basis vectors living in the six-sphere and the normal vector perpendicular to it arc con- 
structed explicitly. The three G'2-invariant tensors arc also determined by the components of 
these new seven frames. Assuming that the two supcrgravity fields satisfy the domain wall so- 
lutions [7] as before, we compute the Ricci tensor in this background completely. Surprisingly, 
the Ricci tensor has the same expression as the one in previous spherical paramctrization. 
This indicates that the 4-form field strengths arc constructed similarly by using the above 
new three G'2-invariant tensors and a geometric superpotential introduced in [7]. Eventually, 
we determine the solution for the 11-dimensional Einstein-Maxwell equations corresponding 
to the the different 11-dimcnsional lift of the same M = 1 G'2-invariant RG flow. The 4-forms 
for both parametrizations depend on the 7-dimensional internal coordinates via each invariant 
tensors. 

In section 3, by changing only three of them among seven internal coordinates characterized 
by previous second spherical paramctrization, the 11-dimensional metric can be written in 
terms of these new coordinates which preserve the Fubini-Study metric on CP^ [26] . The Ricci 
tensor can be expressed as a linear combination of the Ricci tensor for G'2-invariant case and 
similarly the 4-forms also are given by a linear combination of 4-forms for G'2-iiivariant flow. 
Then, we flnd out a solution for the 11-dimensional Einstein-Maxwell equations corresponding 
to the 11-dimensional lift of the M = 1 G'2-invariant RG flow connecting from the A/" = 8 
S'0(8) UV fixed point to A/" = 1 6*2 IR- fixed point. Since we focus on the G'2-invariant sector, 
the two geometric parameters satisfy the RG fiow equations [7]. In the 11-dimensional point 
of view, both the metric and 4-forms preserve the G2 symmetry. 

In section 4, we summarize the results of this paper and present some future directions. 

In the Appendices, we present the detailed expressions for the Ricci tensor, 4-form field 
strengths, seven frames, three invariant tensors and Maxwell equations. 

2 An Af = 1 G2-invariant supersymmetric flow in an 11- 
dimensional theory 

We construct three G2-invariant tensors in terms of six-sphere coordinates explicitly in the 
subsection 2.1 and find out a A/" = 1 G2-iiivariant solution for 11-dimensional Einstein-Maxwell 
equations in subsection 2.2. 
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2.1 Spherical parametrization I 

Let us consider the spherical parametrization describing the unit round five-sphere 

= sin^^i sin^^2 sin^^3 sin^^4 sin^^s, 

— cos^i sin ^2 sin ^3 sin ^4 sin ^5, 

— 008 02 sin ^3 sin ^4 sin ^5, 

— cos ^3 sin ^4 sin ^5, 
= 008 04 sin6'5, 

u^' = cos ^5, (2.1) 

subject to the constraint J2i=i{u^y — 1- In order to use the 6-dimensional coordinatization 
for unit round six-sphere S^, let us also introduce the two orthogonal unit vectors in with 
(2.1) 

u= (M^M^M^M^M^M^o), v = (0,0,0,0,0,0,1). (2.2) 

Then the unit normal vector perpendicular to the six-sphere can be identified with 

n = Usin^6 + Vcos^6. (2.3) 

The unit magnitude of normal vector, (n, n) ~ 1, from (2.2) can be easily checked. The rect- 
angular coordinates parametrizing the six-sphere inside are given by — sin 0Q{i — 
1, • • • , 6) and X"^ — oo8 0q with YJa=i{^^Y — 1 whose gradient is exactly the unit normal 
vector introduced in (2.3). This parametrization for X^ can be also obtained from the one 
corresponding to the unit round seven-sphere by ignoring seventh coordinate = in [7]. 
By taking the gradient to the normal vector with respect to the six internal coordinates, a 
set of basis vectors spanning a tangent space on the six-sphere is given by [33] 

Oil 

ei = -^, ^ = l,---,6, (2.4) 

which is orthogonal to the normal vector (2.3). In general, the second fundamental tensor 
arises in (2.4) for generic hypersurface. For round six-sphere, this second fundamental tensor 
is proportional to the 6-dimensional metric for six-sphere and this leads to a simple relation 
(2.4) above. The orthonormality for the basis vectors (2.4) can be checked also. 

Adding the unit normal vector n as the seventh-frame to the six-sphere S^-frames 
provides the tangent frames of Cayley space denoted by P [33]. 

Bi^efOA, n^h^OA, A = l,---,7, (2.5) 
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where Oa are imaginary octonions satisfying the algebra 

OaOb = -Sab + Vabc Oc, (2.6) 

with completely antisymmetric structure constants i]abc [34]. The nonzero i]abc are given by 
1 for the indices ABC = 123,516,624,435,471,673,572. In order to obtain the G2-iiivariant 
tensors on S^, one projects I'' invariant tensor and its dual to local tangent frames and obtains 
7-dimensional tensor (and its dual). Since the geometry of the G'2-invariant is already built 
in the 7-dimensional coordinatization, what we have to do is to take the dimensional reduction 
of 7-dimensional tensor (and its dual) to the 6-dimensional ones. Then the almost complex 
structure Fij, its covariant derivative Tijk, and its Hodge dual, Sijk that depend on the internal 
coordinates 9i{i = 1, 2, • • • , 6), with (2.3), (2.4) and (2.5), can be summarized by 

Fij = -r]ABC ef ef , 
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T' ^ aB aC 



Sijk = r/ABCDef ef e^n^, (2.7) 

where the dual tensor [35] tiabcd of the structure constant tiefg is given by i]abcd = 
VabeVcde — Sac^bd + Sad^bc exphcitly. The nonzero components for dual tensor can be 
read off from this relation. Note that rjABC is I'^-invariant tensor while tjoefg is its dual. 
The dimensional reduction of 7-dimensional tensor leads to Fij and Tijk tensors while the 
dimensional reduction of its dual provides Sijk tensor, as shown in (2.7). The last relation of 
(2.7) can be checked from the definition of Sijk = F^Tijk [33] by using the first two relations of 
(2.7) together with (2.6). We can introduce the dot product and cross product for arbitrary 
imaginary octonions [33] and these can be used for the construction of 7-dimensional tensor 
and its dual. 

By computing the dot product between and in I^, one obtains the 6-dimensional 
metric on for the spherical parametrization we start with. That is, as we expect, 

J. /22222 2222 222 22 2i\ ■ rt /rin\ 

gij^6.\^g[s2S^S4^s^SQ, S3S4S5S6, s^^s^Sq, SgSg, Sg, 1), Si = sm^j. (2.8) 

Now it is ready to construct the 7-dimensional eUipsoidal metric. Applying the KiUing vector 
to the metric formula [25], one obtains the 7-dimensional inverse metric with undetermined 
warp factor. Then plugging this inverse metric into the definition of warp factor, the warp 
factor is fixed. Finally, substituting the warp factor into the inverse metric leads to our 
7-dimensional metric. The 7-dimensional warped ellipsoidal metric used in [25, 7] can be 
summarized as 



, + sin^^ciO' 
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d^l = del + sin^ ^5 {del + sin^ O4 [del + sin^ ^3 (^^^2 + ^2 c^^i)] ) , 
where the quadratic form is given by 

^2 = cos^ e + 6^ sin^ e, 
and the warp factor together with (2.10) is also given by 



(2.9) 



(2.10) 



(2.11) 



The standard 7-dimensional ellipsoidal metric is warped by a factor vAa in (2.9). The 
6-dimcnsional metric dQ^ is equal to (2.8). The two vacuum expectation values {a,b) in 
4-dimensional gauged A/" = 8 supergravity that appear in the 7-dimensional internal metric 
(2.9) are functions of the AdS4 radial coordinate r = x'^. The eccentricity for 7-dimensional 
ellipsoid is given by yl— 

The 11-dimensional metric [25, 36] by combining the above 7-dimensional metric (2.9) 
with the 4-dimensional metric together with warp factor (2.11) yields 



(dr^ + e^^('^) 77^^ dx^" dx") + ds^^, 



(2.12) 



where r = x'^ and /i, z/ = 1,2,3 with 1]^^ = diag(— ,+,+). The 11-dimensional coordinates 
with indices M, N, - ■ ■ are decomposed into 4-dimensional spacetime x^ and 7-dimensional in- 
ternal space y"\ Denoting the 11-dimensional metric as Qmn with the convention (— , +,■■■,+) 
and the antisymmetric tensor fields as Fmnpq, the 11-dimensional Einstein-Maxwell equations 
are given by [27, 28] 

1 jTi TpNPQR ^ SiN TP TpPQRS 

g i'MPQRi' - ^"M ^PQRS^ , 



R 



N 



M 



y^pMNPQ 



1 



576 



p ^NPQRSTUVWXY p 



RSTU-^VWXY, 



(2.13) 



where the covariant derivative Vm on F^^^Q in (2.13) is given by E~^dM{EF^^^'^) together 
with elfbein determinant E = y/—gii. The epsilon tensor eNPQRSTUvwxY with lower indices 
is purely numerical. For given 11-dimensional metric, the nontrivial task is to find the correct 
4- forms that satisfy (2.13). 

The warped 11-dimensional metric (2.12) with (2.9) generates the Ricci tensor [7] that 
depends on (a, b, A) and their derivatives with respect to r and e. Applying the fiow equations, 
all the r-derivatives in the Ricci tensor can be replaced with the functions of (a, b). The Ricci 
tensor is given in the Appendix A explicitly after substituting the fiow equations [7, 5] 



da 
dr 



7L 



daW + {ab - 2) dbW 
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at [a^ - 88 6 + 14 6^ - 56 + a(80 + 49 6^)] 
2 L^(a2 + 762)2 -112 (q^, _ i) 

[96 + 2 - a(176 + a^)h+ 100 6^ _ 14 ^3 ^3 + 42 6^ _ 49 ^ ^5] 

2L^(a2 + 762)2 -112 ^ah - 1) 

HA 2 1-5 / 

= - = _ a2 J(a^ + 762)2 _ 112 (ab - 1), (2.14) 
dr L AL ^ 

where the superpotential W in 4- dimensional gauged J\f = 8 supergravity is given by a function 
of (a, b): 

W J^{a^ + 762)2 _ 112 {ab - 1). (2.15) 

There exist only two nonzero off-diagonal components and as well as nonzero diagonal 
components. In 4-dimensions, there exist two critical points, Af — 8 5*0(8) critical point at 
which (a, 6) = (1, 1) and A/" = 1 G2 critical point at which (a, 6) = {^/^, V?)- ^t these 
two points, ^ and ^ vanish due to the right hand sides of (2.14) are equal to zero. The 
criticality can be observed from the fact that the first two right hand sides of (2.14) are 
written as the derivatives of superpotential W{a, 6) with respect to the field a and the field 

. T.e has I and ^ a. .wo ..oal values .espec«vel. 

What about 4-form field strengths for 11-dimensional solution? By interpreting the 3- form 
gauge field with membrane indices as a geometric superpotential, which is a generalization of 
4-dimensional superpotential (2.15), times volume form and putting the previous G2-invariant 
tensors (2.7) to various 3-form components, one can construct the most general G2-iiivariant 
ansatz. The field strengths are summarized by [7] 

= e'^^'')Wr{r,e)e^,p, F^,,, ^ e'^^'^ We{r,e) e^,„ 

Fmnpq — 2 h2(T, ^) ^mnpqrs F i -^5mnp — hiir, 0^ Tfymp ~\~ h2(T, 0^ Sump., 

Fimnp — h3{r,9)Tmnp + h4:{r,9) Smnp, F^bmn — h5{r, 9) Fmn, (2-16) 

where the eight coefficient functions {Wr, We, hi, /i2, h2, h^, h^, h^) which depend on both r and 
9 are given by [7] and also they are in the Appendix B for convenience. The fields iWr, We) 
are related to the geometric superpotential W{r, 9) which corresponds to the 3-form gauge 
field with membrane indices, as mentioned before. Compared with the previous works [25, 33] 
which holds for the critical points only, the mixed field strengths F1235, -Fj^^p and ^45^^ were 
new ^. 



^One can write down the 2-form and 3-forms in terms of rectangular coordinates = sin sin ^(i = 
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The details of Einstein equations, the first equation of (2.13), are given in [7] exphcitly. The 
nonzero components of the Maxwell equation, the second equation of (2.13), are characterized 
by the following free indices 

(123), (4np), (5np), {mnp), m,n,p = 6, ■■■ ,11, (2-17) 

with the number of components 1, 15 by choosing two out of six, 15 by choosing two out 
of six and 20 by choosing three out of six respectively. Other remaining components of the 
Maxwell equation become identically zero. Therefore, there exist 51 nonzero components of 
the Maxwell equation. The right hand side of Maxwell equations for the (123)-component 
consists of 35 terms coming from the quadratic 4-forms. For (Anp)- and (5np)-components, 
the right hand side of Maxwell equations contains only a single term in quadratic 4-forms. The 
former has F1235 while the latter has F1234. For the (mnp)-components, the two contributions 
from the quadratic 4-forms arise in the right hand side of Maxwell equations. In this case, 
both 4-forms F1235 and F1234 appear. The elfbein determinant E — \/—gi\ is used and it is 



E = e^^^''^ a{r) sin^ 9 sin 62 sin^ 9^ sin^ 9^ sin^ 9^ sin^ 9^ \a^{r) cos^ 9 + h'^{r) sin^ 9 



by calculating the determinant of 11-dimensional metric (2.12) with (2.9). 

Therefore, the M = 1 G'2-invariant solutions (2.16), with the Appendix A where the Ricci 
tensor is presented and the Appendix B where the coefficient functions are listed, satisfy the 
field equations (2.13) as long as the deformation parameters {a,h) of the 7-ellipsoid (or two 
supergravity fields in 4-dimensions) and amplitude A develop in the AdS^ radial direction 
along the G2-invariant flow (2.14). The corresponding gauge dual was constructed in the 
context of jV = 1 C/(2) X U{2) superconformal Chern-Simons matter theory by adding one 
mass term for the adjoint M —1 superfield and the matter multiplet consists of seven flavors 
transforming in the adjoint together with flavor symmetry (7 of G2) [H]- 



1, • • • , 6), X'' = cos 06 sin0 and X* = cosO. Since one can express the angles in terms of X^'s as cos^j = 
, ^ where i = 1, • • • , 6 and cosO = X^, the rank 2 and rank 3 tensors with angular coordinates can 

be written in terms of those with X"*'s. Let us write the 2- form F,nn d9"^ A d9" by using the relation between 
{9, 9i) and X"^ and changing the differentials d9"^ in terms of dX^^s. Then it turns out that the 2-form is given 
by F^'^^ = — 3- rjABC X^dX^ A dX" where r?ABC is the same as the one in (2.7) and the X^ is G2- 

singlet. The G2-invariant structure constant r]ABC is contracted with the 7's of G2 in X-^{A = 1, • • • , 7) in this 
way. Similarly the 3-form Smnp dO™- A d6»" A dQP is given by S^^^ = ^ , Vabcd X^dX^ A dX" A dX^ 

where tjabcd is the same as the one in (2.7) and the 3-form T^'^) = rfF^^) is given. Then one arrives at 
f (4) = +/12 +(ir A (hs dF^^^+hi ^(3) ) + _i_rfx8 ^ ^f^^ dF^^^+h ^(3) ) - -^^^^drAF^^^ AdX^ 

where the 3-form A^^^ = —e^^Wdx^ A dx^ A dx^. 
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2.2 Spherical parametrization II 

Let us describe the other spherical parametrization describing the unit round five-sphere 
whose base is characterized by CP^ space 

u' + iu^ = sin^4COs(^)e5(^^+^3)gie5^ 
u'^ + iu^ = sin^4 sin(-)e^(-^^+^3)e^^^ 

u^ + iu^ = cos^4e^^^ (2.18) 

The isometry of is SU{3) x U{1) where SU{3) acts on three complex coordinates = 
y2t~i _|_ ^^21^^ ^ 1,2,3) and C/(l) acts on each as the phase rotations. The vector u 
spans the given by Hopf fibration on CP^ space. This can be described by writing (du)'^ 
as {du)'^ = dspgf^2) + Jduy where c?Sf5(2) denotes the Pubini-Study metric on CP^ and 
(m, Jdu) is the Hopf fiber on it. The J is the standard Kahler form. One can introduce the two 
orthogonal unit vectors (2.2) and the unit normal vector (2.3) for given above parametrization 
(2.18). Furthermore, the set of the six basis vectors is given by (2.4) and they as well as the 
normal vector can be described in terms of imaginary octonions. More explicitly, let us present 
some of them here 

- 1 1 ^ ^2 + ^'s , /) V . ^1 . /) . /) 

e]; = - cos( h Ps) sm — sm^4 sm^e, 

-2 1 • ^1 • /) • ^^2 + ^'3 , ^ N . ^ 

= - sm — sm 6^4 sm( — h O5) sm Oq, • • • , 

and the other nonvanishing components are given in the Appendix C. 

The three G2-invariant tensors Fjj, Tj^fc and Sijk are given by (2.7) for the choice of (2.18). 
For example, 

F12 = — sin^ ^4sin^ ^6 [— 4cos2q;2 cos^e + 4cos2ci;i cos2(q;3 -I- ^5) cos^e 

32 

-I- (8 cos ai cos(q;2 — as — 65) sin 64 — cos ^4(cos(2q;i — 2a3 — 3^5) 

— cos(2ai — 2a3 — ^5) — cos(2ai + 20:3 + ^5) -|- cos(2q;i + 20:3 + 365) 
+ 8 cos tti cos 6;^ sin ai + 8 cos 02 sin ^2 sin ^^5)) sin 9q] , 

A3 = si^^ ^4 si^^ ^6 [— 2(cos 2{ai — 0:2) + cos 2(q;i -|- 012) — 2 cos 2(0:3 + ^5)) cos 9^ 
-I- (8 cos CKi cos(q;2 — as — O5) sin 64 + cos ^4(cos(2q;i — 2q;2 — ^5) 

— cos(2q;i -I- 2o;2 — ^5) — cos(2q;i — 2q;2 -|- ^5) -|- cos(2q;i -|- 2q;2 -|- ^5) 
-I- 8 cos CKi cos ^5 sin CKi -I- 4 sin ^5 sin 2(0:3 -I- ^5))) sin ^e] , 
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These tensors are given in the Appendix D in terms of internal coordinates di{i = 1, ■ ■ ■ , 6) 
expUcitly. Note that the antisymmetric tensor on S^, the dual of Tjjfe, has an extra minus 
sign as follows: 



-Fj Ti 



Ijk- 



(2.19) 



All the identities between three tensors Fij^t^jk and Sij]^ are given in the Appendix D. 

By computing the dot product between ej and in I^, one obtains the 6-dimensional 
metric on S^. That is, 
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, Cj = cos^j, Si = sin^i. (2.20) 



One sees this 6-dimensional metric from the projection of 7-dimensional metric gl^^ [18] by 
putting the extra coordinate ^ to |. The rectangular coordinates parametrizing the inside 
with ~ G2/ SU{?)) base are given by introducing the seventh coordinate 9 [26] 



X' = sin 6*6 sin 9, = cos 9, = cos 9^ sin 9, 



(2.21) 



with I]^=i(A^'^)^ = 1. As done in previous spherical parametrization, via the nonlinear metric 
ansatz [25], the warp factor and the 7-dimensional inverse metric are completely determined. 
Then the 7-dimensional warped ellipsoidal metric in this case can be summarized as [25, 26] 

J2 



d4 = v^AaL^ 



4 d9'^ + sin^ 9 dnl 



= d9Q + sin^ 9e dsps{2) + (u, Jduy\ . (2.22) 



The quadratic form and warp factor are given by (2.10) and (2.11) respectively. The fact that 
the vector {u^ , u'^ , , u'^ , , u^) in (2.18) spans the with CP^ base, compared to the one 
in (2.9) that looks similar to (2.22) but the 5-dimensional metric inside behaves differently, 
can be understood by writing {duy in terms of the Fubini-Study metric 



"*F5(2) 



and its Hopf fiber 



d9l + J sin^ 9^ (a^ + + cos^ 9^ a|) , 



{u, Jdu) = d9^ + - siv? 6*4 a^. 



(2.23) 



(2.24) 



The standard Kahler form J is given by J12 = J34 = J56 = J78 = 1- One can easily check that 
the 6-dimensional metric (2.22) is nothing but the metric in (2.20) and the one-forms are given 
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by = cos^3(i^i + sin6'i sm6sd62, cr2 = sin6'3(i6'i — 806*1 cos6sd62, and 0-3 = dO^ + cos 6*1^^2, 
as usual. Recall that the G2 symmetry is the isometry group of the metric. The Killing 
vector associated to the G2 symmetry is constructed explicitly in [18] and it is shown that 
the 7-dimensional metric of (2.22) has vanishing Lie derivative [28] with respect to the Killing 
vector fields. 

The 11-dimensional metric is realized as (2.12) together with (2.22). The nontrivial task 
is to find the exact solution for 11-dimensional Einstein-Maxwell equations (2.13). Also we 
assume the nontrivial AdS4 radial coordinate dependence of vacuum expectation values and 
they are subject to the 4-dimensional RG flow equations (2.14). The Ricci tensor can be 
computed from the 11-dimensional metric with (2.12) together with (2.22) directly and they 
have the same form as the ones in previous spherical parametrization. So they have common 
feature in the Ricci tensor presented in the Appendix A. This indicates that the Ricci tensor 
is indeed independent of the particular 5-dimensional space. One can express the Ricci tensor 
in the frame basis rather than in the coordinate basis. The former is exactly the same as the 
latter except the off-diagonal (4, 5)- and (5, 4)-components. 

It is natural to solve the 11-dimensional Einstein-Maxwell equations by assuming that the 
4-forms have the same tensorial structure as the ones in (2.16) and these G'2-invariant tensors 
are defined in the present 6-dimensional metric (2.22). The undetermined coefficient functions 
depend on the coordinates (r, 9). One should find out these coefficient functions explicitly by 
requiring that 4-forms should satisfy (2.13). The field strengths are given by 

i^M-p4 = e'^^'^Wrir,0)e^,p, F^^^, ^ e^^^'^ We{r,0) e^,„ 

-P^mnpq 2 /i2(^; ^) ^mnpqrs P i P^rnnp ^l(^) ^) ^mnp ~l~ ^2(^1 ^) ^mnpi 

F^mnp = hs{r,9)Tmnp + h4{r,9) Smnp, F/^^rnn = h^{^^ 9) Fmni (2.25) 

where we denote the three hatted tensors here in order not to confuse with the unhatted ones 
that appear in (2.16). Applying these field strengths (2.25) to the 11-dimensional Einstein- 
Maxwell equations, one can determine the unknown coefficient functions, which depend on r 
and 9, completely. If we compute the right hand side of Einstein equation, then the linear 
combination of quadratic coefficient functions appears after using the identities between G2- 
invariant tensors or calculating the functional expressions component by component explicitly. 
For latter case, we do not need to use the identities because we know three G2-invariant tensors 
according to the Appendix D ^. Except (4,5)- and (5, 4)-components of Einstein equations, 
(1, 1), (4, 4), (5, 5)- and (6, 6)-components depend on eight coefficient functions. The right 

^One can easily check that the above rank 2 and rank 3 tensors written in terms of the angle variables 
can be expressed similarly as in footnote 1. That is, F^^' = -^^^^ — ^ ^ rjABC X^dX^ A dX", S^^^ = 
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hand side of Einstein equations can be summarized by (3.21) of [7] exactly. As we explained 
before, the left hand side of Einstein equations, the Ricci tensor, is identical to each other. 
Therefore, one concludes that the unknown coefficient functions are exactly the same as 
those in [7] or in the Appendix B. Note that the geometric superpotential W from the field 
strengths (Wj- = e~^'^dr{e'^^W),We = deW) was found by requiring that it should coincide 
with the 4-dimcnsional superpotential W (2.15) up to a multiplicative constant when the 
internal coordinate 9 is fixed to some specific value. 

The analysis for the checking of Maxwell equations can be done before exactly, based 
on the paragraph containing (2.17). We have checked the solutions (2.25) also satisfy the 
Maxwell equations explicitly. During this computation, the elfbein determinant E = \/—gii 
from 1 1-dimensional metric (2.12) and (2.22) is given by 

cos^ ^ + 6^ sin^ o] ^ . 

Therefore, we have established that the solutions (2.25) together with the Appendices A, B 
and D consists of an exact solution to 1 1-dimensional supergravity by bosonic field equations 
(2.13), provided that the deformation parameters (a, 6) of the 7-dimensional internal space 
and the domain wall amplitude A develop in the AdSi^ radial direction along the G2-invariant 
RG flow (2.14). Although the 1 1-dimensional metric and 4-forms are different from those in 
previous parametrization, the Ricci tensor (or the quadratic structure of 4-forms appearing 
in the right hand side of Einstein equations) is exactly the same each other. 

3 Towards an = 1 S*?/ (3) -invariant supersymmetric 
flow in an 1 1-dimensional theory 

We will use the results of 1 1-dimensional solutions with CP^ in previous subsection. In the 
context of the round seven-sphere as Hopf fibration on CP^ let us replace the coordinate 
^5 in (2.18) with (p + ijj where ip is the coordinate of the Hopf fiber on as follows: 

u' + iu'' = sine4cos(^)e5(^2+^3)e*(0+^)^ 

— — ^— r]ABCD'^^dX^ A dX" A dX° , and f^^) = dF^^). Note the extra minus sign in the 3-form 

S^^\ As in footnote 1, we interchange the X'^ and the X^ each other. It is not so obvious to express the 
angular variables in terms of the rectangular coordinates, contrary to the footnote 1 and from the begining 
we assume the above forms. After inserting the rectangular coordinates written in terms of angular variables 
(2.18) and (2.21) into them, we have checked these agree with those in the Appendix D. Therefore, the 
G2-iiivariance is more obvious in this basis rather than in the angle basis. Note that the G2-invariant tensors 
FmniTmnp and Sranp m (2.25) Can be obtained from those in previous parametrization via the coordinate 
transformations between (2.1) and (2.18). In particular, we have checked that the component F46 is related 
to the component FiQ via coordinate transformations. 



- e^^ a sin^ 9 sin 9i cos 9^ sin^ 9^ sin^ 9^ 
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U^ + iu^ = 008^4 6^^'^+'^). (3.1) 

As before, the vector (it^, u^, u^, it*^, it^, u^) in (3.1) spans the with CP^ base and the 
Fubini-Study metric on CP^ is given by (2.23). The correct 7-dimensional warped metric, 
corresponding to (5.15) of [26] is given by 



where the coordinates are decomposed into 



{dUf + ^ {dV^f + {dV^f 



(3.2) 



U = (-u"*^, -u"^, ■y,'', -u®, 0, 0) cos/i, 
Vi = (0,0,0,0,0,0, 1,0) cos V' sin /i, 

V2 = (0, 0, 0, 0, 0, 0, 0, 1) sin ip sin /i. (3.3) 

The deformation parameter 7 = ^ — 1 of [26] vanishes for the G2-invariant sector in which 
the constraints are characterized by c = a and d — h. For G'2-invariant sector, the eUipsoidal 
deformation arises along the Vi direction. Then one can choose the two additional orthonormal 
frames as (m, Jdu) (2.24) and dVi respectively. Then the remaining orthonormal frame is 
determined from (3.2) by completing squares. 

The precise relations between the parameters of previous section and those in this section 
by comparing (2.21) with (3.3) (other eight coordinates are the same) are given by 

cos 9 — cos sin 

sin u sin ■0 , 
cos 06 = p ^ ^2^^^ 

y 1 — cos^ ijj sin^ // 

From these (3.4), one obtains the partial differentiations of old variables {6, ^5, 6q) with respect 
to the new variables (/x, 4>, ip) as follows: 

d9 cos fjL cos d9 sin fi sin t/j 



^f^ \Jl- cos^ -0 sin^ ^ ^"^ Y^l - cos^ sin^ 

dcj) ' dtp ' 

89^ sin ip 89^ sin /i cos cos ip 

811 1 — cos^ sin^ /X ' 90 1 — cos^ sin^ fi 



(3.5) 
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The frames for the 11-dimensional metric is summarized by 




— LA4a4-W — ^ — (— cos// cos-^ d/x + sin/x sin-^ d-^) , 

" " cos^ ip sin fj, 

a 11 1 

e = L A4 a4 cos /i - sin 6*4 (Ti, 
= L A4 04 cos/t - sin ^4 (72, 

— L A4 a4 cos/f - sin ^4 cos 6*4 (T3, 

z 

e' — L A4 a4 cos /t dQ^, 

= LAJ ah cos /t + + ^ sin^ ^4 (73^ , 



eP- — LA4a4j 5 — (— sin'^d/t — sin/t cos/t cos'0c?'0) . (3.6) 

y 1 — cos"' ^) sin /x 

The e"'^,e^ and with some sign difference appearing in (5.24) of [26] correspond to e^°,e^^ 
and e' respectively. The frames e^, e^, and correspond to the Fubini-Study metric on 
CP^ whose symmetry group is S'?7(3). Note that ip which is the coordinate of the Hopf fiber 
on appears in the frame e^'^ and this gives the off-diagonal metric components between the 
coordinates (■?/', ^2, ^3, 0)- Also from the structure of e' and e^^, the off-diagonal components 
between {fi,ip) occur. The quadratic form (2.10) reads as ^"^ = a^cos'^ip sin^/i -|- 6^ (1 — 
cos^ Vsin^/i) from (3.4). The warp factor is the same as before: (2.11). The one-forms (7^ are 
given as before ^. 

Then how does one find the solution for 11-dimensional Einstein-Maxwell equations for 
given 11-dimensional background (3.6)? The 6-dimensional space is no longer unit round 
six-sphere. Since the metric (2.22) is related to the metric (3.6) by change of variables, one 
can use the solutions (2.25) and find out the solutions. First of all, the Ricci tensor can be 
obtained from (3.6) directly or can be determined from the one in previous section by using 
the transformation on the coordinates between the two coordinate systems (3.5) via tensorial 
property. In other words, the Ricci tensor is given by explicitly 




^When we take the seven rectangular coordinates except X"^ among (3.3), the similar computation as in 
[18] leads to the fact that the 7-dimensional metric has vanishing Lie derivative with respect to the Killing 
vector fields where the generator for G2 is the same as the one in the Appendix A of [18]. This implies that 
the Killing vector is associated to the G2 symmetry. 



15 



where the 11-dimensional coordinates are given by 

= {x\x^,x^r;e,e,,e2,e3,e,,e,,ee), = {x\x\x\r;^i,e,,e2,e3,e^,<p,ij). 

Eight of them are common and three of them are distinct. The Ricci tensor Rp for G2- 
invariant flow is presented in the Appendix A. Some of them are given by 



— R^, 



p 2 _ p 2 



Ri), 



R3 



There exist off-diagonal components (4, 10), (4, 11), (5, 10), (5, 11), (11, 4), (11, 5), (11, 10), as 
well as (4, 5)- and (5, 4)-components. Their full expressions are given in the Appendix E. 
For the field strengths, one has, by multiplying the transformation matix. 



dz'- 



dz 



T ' 



dz 



'mnpq 



RSTU- 



^dz^ ) \dz^ J \dzP J \dzQ^ 
Then some of the components, using the relations (3.5), are given by 



(3.8) 



1234 



1234, 



1235 



COS cos 



— cos^ ip sin^ /X 



1235, 



These transformed 4-forms are given in terms of those in G2-invariant flow in the Appendix F 
and moreover, the transformed 4-forms with upper indices are described. The 4- form F12311 



is a new object. At the IR critical point where a — \J and b — y due to the fact that 
the coefficient functions Wgjhzjhi and in the Appendix B vanish, the following 4-forms 
also vanish at this critical point: 



-^1235 — — Fi 



12311 



— -^45mn — 



4mnp- 



Note that for the G'2-invariant flow, the 4-forms -F1235, F4mnp and -Flis^n vanish where m,n,p = 
6, • • • , 11 at the IR critical point. Once we suppose that 4-dimensional metric has the domain 
wall factor e^"^*^''^ which breaks the 4-dimensional conformal invariance, the mixed 4-forms 
occur along the whole RG flow. Of course, at the UV critical point where a = 1 = b, the only 
nonzero 4-form fleld is ^1234- Some of the transformed 4-forms with upper indices are given 
by 



=11234 



^1234 



^1235 



COS II COS ip 

\Jl — cos^ V sin^ 



il235 
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These can be obtained from (3.8) by using the 11- dimensional metric (3.6) or by multiplying 
the transformation matrices (3.5) into the 4-forms with upper indices of G2-iiivariant flow. 
The remaining 4-forms are given by the Appendix F explicitly 

How does one check the 11-dimensional solution for Einstein equation? One shows this by 
substituting the solutions (3.7) and (3.8) into the first equation of (2.13) with transformed- 
Ricci tensor and transformed-4-forms. Or one checks this equality using the solution of 
G'2-invariant flow in subsection 2.2. In previous section we have shown that (2.25) satisfy the 
field equations (2.13). Let us go back the transformed- Ricci tensor (3.7) which is written in 
terms of the Ricci tensor for G2 invariant flow. Without specifying the explicit form for Ricci 
tensor Rp , one writes down transformed-Ricci tensor, as in the Appendix E. Now one can 
use the property of G'2-invariant flow: the flrst equation of (2.13). That is, one replaces the 
Ricci tensor in terms of the quadratic 4-forms. Then one sees the transformed-Ricci tensor 
can be written in terms of the quadratic 4-forms for G2-invariant flow. Let us return to the 
right hand side of Einstein equations. Using (3.8) and (3.5), one can express this in terms of 
quadratic 4-forms for G'2-invariant flow. 

So far, we did not insert the explicit form for the 4-forms Fmnpq- One can make the 
difference between the left hand side and the right hand side of Einstein equations and see 
whether this is zero or not. At flrst sight, some of the components written in terms of quadratic 
4-forms in G2-invariant flow are not exactly vanishing. They contain the terms F^npq F™''^^'^ , 
F^npq F™'"^'^, Fmnpq F^"''^'^ whcrc m,n,p,q = 6, ■ ■ ■ , 11 and s = 4, 5, 6, ■ ■ ■ , 11. After plugging 
the explicit solution of G2-iiivariant flow, then all of these are equal to zero identically. One 
can also check this from the useful identities between three-invariant tensors Fij,Tijk and 
Sijk presented in the Appendix D, as done in [7]. Recall that these quadratic 4-forms above 
correspond to the off-diagonal terms of Einstein equation for G'2-invariant ffow which vanish 
identically except (4,5)- and (5, 4)-components. Of course, the above extra piece does not 
possess these nonzero off-diagonal terms, (4,5)- and (5, 4)-components. Therefore, we have 
shown the solutions (3.7) and (3.8) indeed satisfy the 11-dimensional Einstein equations. 

Let us move on the Maxwell equations. Let us introduce the notation | E Vm F^^^^ = 
(NPQ) for simplicity, and present all the nonzero components of left hand side of Maxwell 

''One can also check that the field strengths written in terms of the angle variables can be expressed 
similarly as in footnotes 1 and 2: F^*'> = + h2dS^^'> + dr A (hdF^^^ + h^S^'^'') + -^^^^dX^ A 

(hi dP^^^ + h2 S'^^^) dr A F'^^I A dX^ where the 2-form F'^^I and the 3-forms A^^^ and S'f^) are 

given in the footnote 2. As in footnote 2, it is not so obvious to express the angular variables in terms of 
the rectangular coordinates, we assume the above forms. After inserting the rectangular coordinates written 
in terms of angular variables (3.1) and (3.3) into them, we have checked this 4-form agrees with those in the 
Appendix F. Therefore, the 4-form has G'2-invariance explicitly. 
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equations in terms of the 4- forms in G2-invariant flow, using the property of 11-dimensional 
solution we have found before. For example, the (123)-component of the left hand side of 
Maxwell equations reads 

(123) — ^ ] ^mnpqrs ( Q| Q| "^^mnp -^bqrs 0\ A\ "^'^5™" ^pqrsj ■ 

m,n,p,q,r,s=6 \ ■ ■ ■ ■ 

The other nonzero components arc given in the Appendix G explicitly. The nonzero com- 
ponents of the Maxwell equation, the second equation of (2.13), are characterized by the 
following indices 

(123), (45m), (4np), (5np), {mnp), m,n,p — 6, ••• ,11, 

with the number of components 1, 5 by choosing one out of five(the (45 ll)-component is equal 
to zero), 15 by choosing two out of six, 15 by choosing two out of six and 20 by choosing three 
out of six respectively. Other remaining components of the Maxwell equation become identi- 
cally zero. Therefore, there exist 56-nonzero-components of the Maxwell equation. Compared 
with the ones (2.17) in G2-invariant flow, there are nonzero terms from (45m)-components 
where m = 6, • • • , 10. The right hand side of Maxwell equations for the (i23)-component 
above consists of 35-terms coming from the quadratic 4-forms. For the other components, the 
right hand side contains a single term, two terms or three terms in quadratic 4-forms. 

Now it is ready to check the Maxwell equations for the solutions (3.8). For given 4-forms 
FmnpQi one can construct the corresponding 4-forms with upper indices F^^^^^ by using 
the 11-dimensional metric (3.6) or by multiplying the transformation matrix with the 4-forms 
pMNPQ Gg-invariant flow, as done in (3.8). Then one obtains all these transformed 4-forms 
with upper indices, as in the Appendix E. As done in previous paragraph, one constructs 
the left hand side of Maxwell equations in terms of quadratic 4-forms for G2-invariant flow 
by using the 11-dimensional field equations. According to the transformation rules, one can 
express the covariant derivative Vm and 4-forms p-^^-^'^Q in terms of Vat and F^^'^^ for G2- 
invariant flow together with (/i, 'j/')-dependent functions. Then using the Maxwell equations 
for G2-iiivariant flow, one can replace Vm F'^^^^ with quadratic 4-forms and arrives at the 
Appendix G. Similarly, let us return to the right hand side of Maxwell equations. Using (3.8) 
and 11-dimensional metric, one can express this in terms of quadratic 4-forms in G2-invariant 
flow. We also transform the 11-dimensional determinant according to the transformation 
rules appropriately. It turns out that the difference between the left hand side and the right 
hand side of Maxwell equations becomes zero identically. Therefore, we have shown that the 
solution (3.8) indeed satisfies the Maxwell equations correctly. During this check, the elfbein 
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determinant E = ^—gu is used and it is 

2 

cos^ V sin^ + 6^(1 — cos^ V sin^ /x) ^ , 

by computing the determinant of 11-dimensional metric (3.6). 

Therefore, we have shown that the solutions (3.8) together with the Appendices A, B, D, E 
and F consists of an exact solution to 11-dimensional supergravity by bosonic field equations 
(2.13), provided that the deformation parameters {a,b) of the 7-dimensional internal space 
and the domain wall amplitude A develop in the AdS^ radial direction along the G'2-invariant 
RG flow (2.14) connecting from Af ^ S SO{S) UV flxed point to J\f ^ 1 G2 IR flxed point. 
Compared with the previous solutions for G'2-invariant flow, they share the common CP^ 
space inside 7-dimensional internal space but three remaining coordinates are different from 
each other. 

4 Conclusions and outlook 

We have found an exact solution of jV = 1 G'2-invariant flow (connecting from J\f — S 
SO{S) UV invariant flxed point to — 1 G2 IR invariant flxed point) to the 11-dimensional 
Einstein-Maxwell equations with (2.12) and (2.22). Based on this solution, we also have 
discovered an exact solution of J\f — 1 G'2-invariant flow connecting above two flxed points 
to the 11-dimensional Einstein- Maxwell equations with (3.6). Now it is ready to look at the 
the 11-dimensional hft of holographic J\f — 1 supersymmetric 5'C/(3)-invariant RG flow [13] 
connecting from H — 1 G2 critical point to H — 2 SU{3) x U{1)r critical point. At each 
critical points, there exists a consistent description for the 11-dimensional metric with CP^- 
basis and there exist corresponding 4-forms explicitly and it is an open problem to discover 
the 11-dimensional solution along the whole J\f — 1 RG flow. 

• What happens when there exist four supergravity flelds (a, b, c, d) [26] in which there 
exists SU (3)-invariant sector ? So far, we have concentrated on the G2-invariant sector where 
there exist two independent supergravity flelds. As explained in the introduction, the 11- 
dimensional metric is known and it is an open problem to construct the correct 4-forms. In 
particular hmit, one has 11-dimensional lift [8] ol M — 2 SU{3) x C/(l)fl-invariant flow and 
for other hmit, one obtains the 11-dimensional hft [7] of = 1 G'2-invariant flow. At least, 
the 4-forms should respect the behavior of these two extreme hmits. The decoding of the 
4-forms written as the SU (3)-singlet vacuum expectation values in [36] will be useful. One of 
these flows will describe the J\f — 1 5'C/(3)-invariant RG flow connecting from J\f — S SO{S) 
UV invariant flxed point to M — 2 SU{S) x C/(l)ij IR invariant flxed point, by looking at the 
SU{3) X C/(l)ii-invariant sector with two supergravity flelds. 



E — — -e L a sin /X cos sin ^1 cos ^4 sin^4 
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• What happens when we replace CP appearing in (2.22) or (3.6) with CP^ x CP^? In 5- 
dimensional space, this is equivalent to put T^'^ space in (2.22). According to the branching 
of G2 into SU{2) X SU{2), one expects that the 11-dimensional solution should preserve 
SU{2) X SU{2) symmetry. It would be interesting to find out the correct 4-fornis for given 
11-dimensional metric for this case: the uplift of A/" = 1 SU{2) x 5'[/(2)-invariant fiow. In 
order to do this direction, one needs to look at the structure of 4-forms found in this paper, 
in the frame basis. It is a nontrivial task to find out the corresponding gauge dual, as seen in 
[19]. Furthermore, the most general 5-dimensional Sasaki-Einstein space can be considered 
and the global symmetries become smaller than SU (2) x SU (2) symmetry. 

• Any octonion description for the present work? The automorphisms of the Cayley 
algebra that leaves one of the imaginary octonion units form a subgroup S'f/(3) of G2 [33, 
34]. For the split octonion algebra, the automorphism group G2 acts on the basis by an 
8-dimensional reducible representation. Two of them are invariant, three split octonions 
transform like triplet, and three complex conjugate split octonions transform like antitriplet, 
under the SU{2>) subgroup of split G2- 
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Appendix A The Ricci tensor for G2-invariant flow 

The Ricci tensor appearing in (2.13) for G2-invariant flow is given by 



24L2 [{a? + 762)2 _ 112(06 - 1)] {a? cos^ e + b^ sin' e)s 



X 



8a^^ cos^ e - 1120a^^6 cos^ 6 + d>a}%' cos^ ^(15 + 13 cos 29) 

- 112a^63 pos^ ^(83 + 63 cos 2^) -8a^6=^(32 008^^(445 + 437 cos 2^) 

+ 76^(617+ 148 cos 2^ - 177cos4^)) + 4aV(4cos^ ^(1139 + 1031 cos2^) 

+ 76'Hl71 + 192 cos 26 + 29 cos 4^)) + a^°(896 cos^ 6 + 6^(941 + 1172 cos 26 + 239 cos 4^)) 

+ a^(-128cos^^(29 + 27cos2^) -496^(-221 - 172 cos 2^ + cos 4^) 

+ 166^(4123 + 4776 cos 29 + 705 cos 4^)) - 8a^6(32 cos^ ^(27 + 29 cos 29) 

+ 76^(564cos2^ + 73(7 + cos4^))) - 16a^6(768cos^ ^ + 496^(83 + cos 2^) 
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+ 166^(549 + 697 cos 2^)) sin^ 9 + 96b^{-384: + 6166^ + 2456^) sin^ 9 

- 96afe^(-1408 + 12326^ + 3436^) sin^ 6 + Sa^ sin^ ^(4608 cos^ 6 - 7846^(-14 + 5 cos 26) 
+ 166^(37 + 1209 cos 26) + 24016^^ sin^ 6) + 80^6^(4988 + 7824 cos 26 

+ 6^(7191 + 212 cos 26 - 3287 cos A6) + 2868 cos A6 + 3436^(9 + 5 cos 26) sin^ 6) 

p 2 p 3 

— ~ ^3 ' 



X 



X 



24L2 [(a2 + 762)2 _ ii2(a6 - 1)] (a^ cos^ 6 + sin^ 6)1 
8a^^ cos^ 6 + 9>a^%^ cos^ ^(15 + 13 cos 26) - 8a^^6 cos^ ^(73 + 67 cos 26) 

- 40^6^(7^4^2425 + 1340 cos 2^ - 237 cos 4^) + 16(2461 + 2268 cos 2^ - 25 cos 4^)) 

- 2aV(3527 + 4412cos2^ + 909cos4^) + 2aV(9303 + 11692cos2^ + 2413cos4^ 

+ 146^(171 + 192cos2^ + 29cos4^)) + a^°(896cos^^ + 6^(941 + 1172cos2^ + 239cos4e)) 

- 4j6(128cos2^(51 + 40 cos 2^) + 6^(9281 + 10128 cos 2^ + 1367 cos 4^)) 
+ a^(128cos2e(55 + 57cos2e) -496^(-221 - 172 cos 2^ + cos 4^) 

+ 86^(14309 + 14988 cos 2^ + 1671 cos 4^)) 

- 8a^6(24576 cos^ 6 + 496^(349 + 113 cos 26) + 646^(942 + 395 cos 2^)) sin^ 6 

+ 486^(1536 + 32486^ + 15196^) sin^ 6 - 48a6''^(5632 + 78406^ + 17156^) sin^ 6 

+ Sa^ sin^ ^(4608 cos^ O + h^ (29876 - 8708 cos 26) + 6^(42832 - 6768 cos 26) 

+ 24016^2 sin^^) -4a V(8(-2981 - 1884 cos 2^ + 945 cos 4^) 

+ 6^(-36429 + 524cos2^ + 11209cos4^) - 6866^(9 + 5cos2^)sm2^)] , 

1 



8Ly(a2 + 762)2 _ ii2(a6 - l){a? cos^ ^ + 6^ sin^ 6) § 

ai (-8a^(80 + a^) cos^ ^ sin ^ + 46(0^(48(4 + a^) - a(192 + 7a^)6 
+ 540^6^ - 2Aa%^ - 606^ + 7a6^) + 62(-12 + 7a6)(-16 + 7//) sin^ 9) sin 2^ 
- 2a26(-96 - 46a^ + 6a^6 + 500^6^ + 110^63 + 386^ + 2a6(8 - 216^)) sin 4^) 



48L2 [(a2 + 762)2 _ ii2(a6 - 1)] {a^ cos^ 9 + h'^ sin^ 



Sa'^cos^^- 1120a^^6cos*^ + 8a'^6^ cos^ ^(15 + 13 cos2^) - 112aV cos 



,12 7,2 



+ 63 cos 2^) - 80^6^(128 cos^ ^(181 + 8 cos 2^) + 76^(617 + 148 cos 2^ - 177 cos 4^)) 

+ 40^6^(4 cos^ ^(1175 + 1091 cos 26) + 76^(171 + 192 cos 26 + 29 cos 4^)) 

+ a^°(16 cos^ ^(25 + 31 cos 26) + 6^(941 + 1172 cos 26 + 239 cos 4^)) 

+ a^(1024 cos^ 6{-l + 3 cos 26) - 496^(-221 - 172 cos 26 + cos A6) 
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Rr — 



+ 86^(8153 + 8832 cos 29 + 879 cos 4^)) - 8a^6(64 cos^ ^(9 + 28 cos 29) 

+ 76^(564 cos 29 + 73(7 + cos 4^))) - 16a^6(-1536 cos^ 9 + 496^(83 + cos 29) 

+ 326^(747 + 380 cos 2^)) sin^ 9 + 966^(768 + 17926^ + 2456^) sin^ 9 

- 96a6=^(2816 + 35846^ + 3436^) sin^ 9 - Aa^ sin^ ^(18432 cos^ 9 

+ 2566^(-323 + 15 cos 29) + 1966^(-181 + 115 cos 29) - 48026^^ sin^ 9) 

- 8a^62(64(-116 - 102 cos 2^ + 15cos4^) + 6^(-10065 + 1324 cos 2^ + 4625 cos4^) 

- 3436^(9 + 5cos2^)sin2^)] , 

1 



48L2 [(a2 + 762)2 _ ii2(a6 - 1)] (a^ cos2 O + b^ sin^ 

X [8a^^ cos^ 9 - 1120a^^6 cos^ 9 + Sa^^b^ cos^ ^(15 + 13 cos 29) - 112a%^ cos^ ^(83 

+ 63 cos 2^) - 8a^6^(128 cos2e(100 + 89 cos 2^) + 76^(617+ 148 cos 2^ - 177 cos 4^)) 

+ 40^6^(4 cos^ ^(1187 + 1079 cos 29) + 76^(171 + 192 cos 29 + 29 cos 4^)) 

+ a^°(896 cos^ 9 + 6^(941 + 1172 cos 29 + 239 cos 4^)) + a^(-128 cos^ ^(17 + 15 cos 29) 

- 496^(-221 - 172 cos 20 + cos 40) + 166^(3895 + 4440 cos 20 + 597 cos 40)) 

- 8a^6(64cos^ 0(18 + 19 cos 20) + 76^(564 cos 20 + 73(7 + cos 40))) 

- 160^6(768 cos^ + 496^(83 + cos 20) + 326^(216 + 281 cos 20)) sin^ 

+ 9662(-384 + 3926^ + 2456^) sin^ - 96a6^(-1408 + 8966^ + 3436^) sin^ 

+ 8a^ sin^ 0(4608 cos^0 - 1126^(-92 + 29cos20) + 1126^(-17 + 147cos20) 

+ 24016^^ sin^ 0) + 8a^6^(4076 + 6480 cos 20 + 6^(6927 + 116 cos 20 - 2927 cos 40) 

+ 2436 cos 40 + 3436^(9 + 5 cos 20) sin^ 0)] = i?/ = 

1 



Rn — R 



10 
10 



-'Ml ) 



^L^^{a? + 762)2 _ ii2{ah - l){o? cos^ 9 + b^ sin^ 0)3 
X -2(a^(80 + a^) - 960^(4 + a^)6 + 2a^(192 + 7a^)6^ - 12(16 + 9a^)b^ 
+ 16a(7 + 3a^)6^ + 120a^6^ - 14a^6^ + 846^ - 49a6^) sin 20 
- (a-b){a + 6) (J - 1926 - 92a^6 + 13a^6^ + 8a^6^ + 846^ + 7a6^(16 - 76^) 
+ 5a=^(16 + 76^))sin40 . 

The Ricci tensor before imposing the RG flow equations (2.14) to two vacuum expectation 
values (a, b) was given in [7]. The above Ricci tensor holds for both spherical parametrizations 
in section 2. 
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Appendix B The coefficient functions for G2 invariant flow 

The coefficient functions appearing in (2.16) or (2.25) are given by 

L3 ^/ab^ sin^ 6 \-a* cos^ 6 + a"^ h'^ {?, + 2 cos 26) + 3 6^ sin^ 6 



X 



2a(a2 cos2^ + 62 sin2^)2 
L3 b Vab^ sin^ 6 



2{p? cos2 ^ + fe2 sin^ ^) ' 

L3 6 1 cos ^ sin^ Q (3 + cos 2d) + 2^2 sin^ Q 



2(a2 cos2^ + 62 sin2^)2 
L2 ah \J ah — 1 cos sin"^ ^ 



2 ^(a2 + 762)2 _ \\2{ab - 1) {a^ cos^ O + b^ sin^ ^)2 
■IGa^ cos^ ^ + a^6(3 + cos 29) + 20^6^(11 + 3 cos 29) - 112ab^ sin^ 9 



+ 26(48 + 76^) sin^ ^ 



Ha 



1/2 02 Va6 — 1 sin^ ^ 



2a^ cos^ ^- 640^6 cos^^ 



/l5 = 

Wr = 

We = 



4 ^(a2 + 762)2 _ ii2(a6 - 1) {a^ cos2 ^ + 62 gin^ 0)2 
+ 0^6^(1 + 3 cos 29) + a^(96 cos^ ^ - 56^(9 + 5 cos 2^)) + 128a6^ sin^ 9 
- 66^(16 + 76^) sin^ ^] , 

2 L2 ^/dJ^ (763 ^ ^2^ _ gjj^2 ^ 



v^^(a2 + 762)2 _ ii2(a6- 1) 

" V cos^ ^ + 6 (a6 - 2) (4 + 3 cos 2^) + 6^ (7a6 - 12) sin^ 9 
ai [48 (1 - ab) + {a^ - b^) {a^ + 7b^)] 



a 

2L 



^(a2 + 762)2 - 112 i^ab-l) 



sin 9 cos 9. 



Appendix C The seven frames on with CP^ space: G2- 
invariant flow 

The seven frames (ctj = 29i, i — 1,2, 3) in subsection 2.2 are given by 
e} = - cos(q;2 + ^3 + 6*5) sincti sin^^4sin^^6; 

= - sin cci sin ^4 sin(Q;2 + eta + ^5) sin^g) 
ef = — - cos cti cos(— 0:2 + 0:3 + 6'5) sin6'4 sin 6*6, 
g\ — — - COS CKi sin ^4 sin(— q;2 + eta + ^5) sin^6) 
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- cos ai sin 64 sin(Q;2 + eta + ^5) sin 9q, 


el 


— 


— - COS (X\ cos(q;2 + as + 6*5) sin 6*4 sin 6*6, 


el 





— sin cci sin ^4 sin(— 0:2 + 0:3 + ^5) sin ^g, 
2 


2 




— cos(— 0:2 + 0:3 + ^5) sin Ci\ sin sin d^^ 


el 




'-'2' ^3 2' ^3 2' ^3 2' 


64 




— — cob Lti cob t/4 cob^^u;2 u;3 t/5 J bin c/g, 


el 


= 


— - COS Q!i COS 6*4 sin(Q;2 + 0:3 + 6*5) sin 6*6, 

Zi 


el 




— cos ^4 cos(— q;2 + cks + ^5) sin a\ sin ^g, 


et 




— cos ^4 sin ai sin(— q;2 + cks + ^5) sin ^g, 


el 




cos ^5 sin ^4 sin ^g, ^4 = sin ^4 sin ^5 sin ^g, 


el 


= 




el 


= 


cos ^^4 sin sin 6^6, 65 = — cos ^^4 cos sin 6'g, 


el 




— cos a\ cos(a2 + 03 + 6^5) cos 6'g sin 6*4, 


el 




— cos «! COS ^g sin ^4 sin(Q;2 + cts + ^5) , 


el 




— cos(— q;2 + q;3 + ^5) cos ^g sin cei sin ^4, 


et 




— cos ^g sin «! sin ^4 sin(— q;2 + as + ^5), 


4 




— cos ^4 cos ^5 cos ^g , eg = — cos ^4 cos ^^g sin ^5 , 






-2e2, = 2ei, n'^ = 2e^, 






-262, = -^5, 11^ = 65, n^ = cos6'g 



Appendix D The Fij,Tijk and Sijk tensors on with CP 
space: G2-invariant flow 

The three invariant tensors appearing in (2.25) are given as follows. The Fij tensor appearing 
in the 4-forms F^^^n where ctj = 26'j(i = 1, 2, 3) for simplicity is given by 

F12 = — sin^ ^4 sin^ ^g [— 4 cos2a2 cos^^g + 4 cos 2ai cos2(a3 + ^^5) cos ^g 
32 

+ (8 cos tti cos(q;2 — 0:3 — ^^5) sin 64 — cos ^^4(cos(2ai — 2^3 — 39^) 
— cos(2q;i — 2q;3 — ^5) — cos(2q;i + 2q;3 + ^5) + cos(2q;i + 2q;3 + 8^5) 
+ 8 cos CKi COS ^5 sin cti + 8 cos a2 sin a2 sin ^5)) sin ^g] , 
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As — sin^ 04 sin^ Oq [— 2(cos2(q;i — + cos2(q;i + — 2cos2(q;3 + ^5)) cosOq 

+ (8 cos cci cos(q;2 — — 65) sin 64 + cos ^4(cos(2q;i — 2a2 — 0^) 

— cos(2q;i + 2q;2 — ^5) — cos(2q;i — 2a2 + ^5) + cos(2q;i + 2a2 + ^5) 
+ 8 cos «! COS ^5 sin cti + 4 sin 9^ sin 2(q;3 + ^5))) sin 9^ , 

F\A — - sin 6*4 sin^ ^6 [cos6'4 COS ^^6(— sin2Q;2 + sin 2(03 + ^5) + 2 COS 6*6 sin 6'4( 

+ cos CKi cos(q;2 — a^ — 9^) sin 9^ — cos 9^ sin sin(Q;2 + Q;3 + ^5)) 

+ (cos 2q;2 — cos 2(q;3 + ^5)) sin 9^ sin 9^] , 

Fi5 = - sin ^4 sin^ ^6 [— 4cos^4 cos ^6 sin CKi sin ^5 sin(Q;2 + ^3 + ^5) 
8 

+ 4 cos^ 6*4 cos(a2 + «3 + ^5) sin ai sin 6*6 + 4 cos"^ ai cos(a2 — — ^5) sin^ 6*4 sin 9q 

+ sin2^^4(cos6'5 sin2Q;i + sin^ ai sin6'5(sin2Q;2 + sin2(Q!3 + 6*5))) sin 6*6 

+ 2 cos 2q;2 sin^ cti sin ^4(cos 9q — cos ^4 cos 9^ sin 9q) 

+ 2 cos 2(q;3 + ^5) sin^ ai sin ^4(cos + cos ^4 cos ^5 sin 9^) 

+ 4 cos ai cos(q;2 — q;3 — ^5) (— cos ^4 cos 9^ cos + sin^ cti sin^ ^4 sin 9q) 

+ 2 cos^ «i ( ( — cos 2q;2 + cos 2 (q;3 + ^5 ) cos 9q sin ^4 

+ sin(a2 + Oiz) sin 26'4 sin(Q;2 — — 6*5) sin 6*6)] , 

F16 = - sin 6'4sin ^6 [— 2 coscKi cos 6'4Cos(q;2 — 0:3 — 6*5) sin6'5 

+ sin ^4(— sin 2q;2 + sin 2(0:3 + ^5)) + 2 cos ^4 cos 9^ sin a-i sin(Q;2 + 0:3 + ^5)] , 
F23 = cosai sincKi sin^ ^4sin^ ^6 [cos^6(sin2Q;2 + sin2(Q;3 + ^5)) 

— (2 cos «! sin 64^ sin(a2 — 03 — ^^5) + cos ^4(cos 2a2 + cos 2(0:3 + ^^5)) sin ^5) sin 9q\ , 

F24 = - sin 6*4 sin^ [~2 cos 6*4 cos 2(0:3 + 6^5) cos 6^6 sin 2q;i 
8 

+ cos^ ^4(4 COS ^5(sin^ cci — cos 20:3 sin 2q;i sin^ ^5) 

+ sin 2ai sin 2Q;3(sin 9^ — sin 8^5)) sin 9q 

+ 2 sin ^4(2 cos «! cos 9^ cos(q;2 + 0:3 + ^5) cos 9q — 2 cos 9q sin cci sin(Q;2 — 0:3 — ^5) sin 9^ 

+ sin^4(2cos^5sin^ «! — sin2Q;i sin^s sin2(Q:3 + ^5)) sin^e) , 

F25 — - sin 6*4 sin^ 9q [2 cos 9q{2 cos ^4 (cos 9^ sin ai sin (0:2 — as — 9^) 
8 

+ cos CKi cos(q;2 + 0:3 + ^5) sin ^5) + sin 2ai sin ^4(sin 2q;2 + sin 2(q;3 + ^5))) 

+ (—8 cos^ ai sin cci sin^ ^4 sin(Q;2 — 0:3 — ^5) + 4 cos cci cos^ ^4 sin(Q;2 + 0:3 + ^5) 

+ sin2^4(2sin^ CKi sin^s + sin2Q;i(— cos2q;2 sin^5 + sin(2Q;3 + ^5)))) sin^e , 
1 

F26 — — sin ^4 sin 6*6 [(2 — 3 cos 2(0:3 + 6*5)) sin 2q:i sin 6*4 
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1^4) 



+ 
+ 



+ 



-^35 — 



2 cos ai{4 cos 6*4 cos 6*5 cos(q;2 + «3 + 6*5) + (2 + cos 2(013 + ^5) sin cti sin ( 
8 cos 04 sin ai sin(Q;2 — — 9^) sin ^5] , 

- sin 6i sin^ 9q cos ^6(cos^ a-2 cos 9^ sin 2ai — cos 9^ sin 2q;i sin^ a-2 

2 cos CKi cos ^2 cos ^5 cos(q;3 + ^5) sin ^4 + 2 cos(a3 + ^5) sin sin 0:2 sin ^4 sin ^5 

2 sin ^^4(008 tti cos 6^ sin «2 + cos 0:2 sin ai sin ^^5) sin(a3 + 6*5)) 
'—2 cos 6*5 sin^ oi + sin 2ai sin 2q!2 sin 6*5) sin 9q , 

— sin^ ai sin ^4 sin ^5 sin 9e 

2a2 sin ^4 sin 9q) 



^ cos 94 sin ^4 sin^ 9e 



+ cos 



36 



cos^ a2 sin 2q;i sin 6*4 — 2 cos ai (cos 6*4 cos 6*5 cos(q;2 + q;3 + ^5 



^5 



+ 

+ 
+ 
+ 

+ 

-^56 = 
+ 

The F'^ 

+ 

^13 ^ 

+ 
+ 
+ 
+ 

^14 ^ 
+ 



sin ai sin^ q;2 sin ^4) — 2 cos ^4 sin cci sin(Q;2 — q;3 — ^5) sin 9^ 



— - sin^ [cos 



cos ^5 sin q;i(cos 9q sin(Q;2 — as — 9^) + cos ai sin 

ai (cos(a2 + tta + ^5) cos 9^ sin ^5 + cos 6*4 sin(a2 + 03 + ^^5) sin 9^)] , 

1 

- sin 6*4 sin 6*6 

^ u;2 Bill C4j — ^ cus C4 sill ui siin^a 

^^6(2cosai(— cos(q;2 + ^a) cos 26*4 + cos(a2 + + 26'5)) 
2(cos(a2 — Q^a) cos 2^^4 + cos(«2 ~ <^a ~ '^9^)) sin «i + cos 2q;2 sin 2a\ sin 2^4) 
4(— cos 6*5 sin^ cti sin 6*4 + cos cti (cos 6*4 cos(q;2 + 013 + 6*5) 
sin CKi sin 2q;2 sin 9 4 sin ^5)) sin ^g] , 

- sin 9q [cos(q;i + q;2 — a^) — cos(q;i — q;2 + oi^) — cos(q;i + q;2 — Q;3 — 29^) 
cos(ai — a2 + aa + 2^^5) — 4 cos cti cos 9r^ sin(a2 + aa + ^5)] , 

sin ^4 sin 9q [— cos ai cos(a2 + 0^3) cos 6*4 + cos(q;2 — cts) cos 6*4 sin ai 
^ cos 2q;2 sin 2ax sin ^4 . 

tensor appearing in the 4-forms Fmnpq is given by 

—2 CSC ^4 CSC ^6 [cos 2q;2 cot 9q csc ^4 + cos ^5(cot Oil cot ^4 — cos(q;2 — OL^) sec cti) 

(— cos 0:3 sec ai sin 0:2 + cos q;2(2 cot 9 4 sin a2 + sec ai sin 0:3)) sin ^5] , 

2 csc^ 9q cos ^6(cos(2q;3 + 29^) csc^ ^4 + csc 2^4(cos(q;i + q;2 — q;3) + cos(q;i — q;2 + as) 

cos(q;i + q;2 — as — 2^5) + cos(q;i — q;2 + 03 + 26*5) + 4 sin cki sin ^5 sin(Q;2 + 0:3 + ^5))) 

(cos ^^5(cot ai cot ^4 csc ^4 + (cos2q;2 — cos(2q;3 + 29^)) sec 6*4) 

csc 6'4(cos(q;2 — 0:3 — 9^) sec ai — 2 cos(q;2 + Q!3 + 6*5) sin ai 

cot ^4 sin ^5 sin(2Q;3 + 2^5))) sin 9q[ , 

csc 9q [2 cos ai cos(q;2 — — ^5) cot sin 9^ + (cos 2q;2 — cos(2q;3 + 2^5)) csc 9^ sin 9^ 
cot ^4 cot 9q{— sin 2q;2 + sin(2Q;3 + 2^5)) — 2 cos 9^ cot sin a-i sin(Q;2 + 0:3 + ^5)] , 
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il5 



^ CSC 9q sec ^4 [— cos(2q;i — 2a2 — ^5) + cos(2q;i + 2a2 — O5) + cos(2q;i — 2a2 + 9^) 



— cos(2q;i + 2a2 + 6^) - 2(cos(2q;2 - 615) + cos(2q;2 + 0^) - cos{2a^ + 65) - cos(2q;3 + W^) 

— 4 cos(q;2 + 0:3 + ^5) cot ^4 sin ai + 2 cos 2a\ sin 2q;2 sin 6^ + cot 6q csc ^4(cos(q;i + q;2 — eta) 
+ cos(q;i — a2 + cts) + cos(q;i + 02 — as — 2^5) + cos(q;i — q;2 + as + 2^5) 
+ 4 sin «! sin 6*5 sin(a2 + as + ^5)))] , 
= CSC [— sin 2a2 — 2 cos ai cos(a2 — as — ^5) cot ^4 sin ^5 

+ sin(2a3 + 29^) + 2 cos ^5 cot ^4 sin ai sin(a2 + as + ^5)] , 

= CSC 2ai csc^ 9q [2 cos ^6(— 4 csc 2^4 (cos ai cos ^5 sin(a2 — as — ^5) 

+ cos(a2 + as + ^5) sin ai sin ^5) + csc^ ^4(sin 2a2 + sin(2as + 2^5))) 

— 2(csc ^4(2 cos ai sin(a2 — as — 6^5) + cos 2a2 cot 9^ sin ^5) + sec ^4(cos ^5(cos 2ai sin 2a2 
+ sin 2a3) + (cos 2a3 + cos(2as + 29^) csc^ 6*4 + sin 2ai) sin ^5) 

+ 2 csc ^4 sin ai sin(a2 + as + ^5)) sin 9q\ , 

= — csc 2ai csc ^4 csc^ ^6 cos^4Cos(2as + 2^5) cos^e + cos^ ^4sin^6(sin^5 sin(2as + 2^5) 

— cos ^5 tan ai) + cos 2ai (cos^ a2 cos 9^ cos 9q — cos ^4 cos 9^ sin^ a2 
+ cos(as + ^5) cos 9% sec a\ sin a2 sin ^4 sin 9^ 

+ cos a2 cos 9q sin 6'4(cos 9^ cos(a3 + ^^5) csc ai — sec ai sin 9^ sin(a3 + ^^5)) 

+ sin 2a2 sin ^5 sin^^g — cos ^^5(cos^^6 csc ai sin a2 sin^^4 sin(a3 + ^5) + sin^^g tanai)) 

+ sin6'4(sin^^5(cos6'6secai sin(a2 — as — ^^5) + sin ^^4 sin(2a3 + 26*5) sin 6*6) 

— cos ^5(cos(a2 + as + ^5) cos 9% csc ai + sin 9^ sin 9q tan oti)))] , 
= — csc^e [cos2a2 cot 2ai + csc2ai(cos(2as + 2^5) 

+ 2 cot ^4(cos 95 cos(a2 + as + ^5) sin ai — cos ai sin(a2 — as — ^5) sin ^5))] , 

= csc2aicsc^^6sec^4 [2cos^6Csc^4(cosaiCos6'5sin(a2 — as — ^5) 

+ cos(a2 + as + ^^5) sin ai sin ^5) + (cos 2ai cos 6*5 sin 2a2 + (cos(2as + 26*5) + sin 2ai) sin 6*5 

+ 2 cot 94 sin ai sin(a2 + as + ^5) + sin(2as + ^'5)) sin 9q] , 

F^^ = csc 9g [cos(2a3 + 29^) cot 2ai cot 9^ cot 9^ + cos 2a2 cot ^4 cot 9g csc 2ai 

— 2 cos ai cos(a2 + as + ^5) sec ^4 — cos 9^ (csc ^4 + 2 cot 9^ sin ai ( 

— cosa2 cos(a3 + ^5)(— 1 + csc2ai) + (1 + csc 2ai) sina2sin(as + ^5))) 

+ sin ^5 (csc 2ai csc ^4 sin 2a2 + cot 2ai csc ^4 sin(2a3 + 29^) 



n35 



+ cot ^^6(csc ai sin(a2 — as — ^5) + 2 cos ai sin(a2 + as + ^'5)))] , 

= — - csc 9q [2 cos ^5 sec ^4 (csc 2ai sin 2a2 + cot 9e csc ai csc ^4 sin(a2 — as — ^5)) 
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+ 
+ 



?36 _ 



7145 _ 



7i46 _ 



^56 _ 



+ COS 2ai csc^ «! CSC 6*4 sec ai sin(Q!2 + 0:3 + ^5) — csc^ ai esc 6*4 sec ai sec^ 64 sin(Q;2 + + 9^] 
sec ^4(2(1 + cos(2q;3 + 2^5) cot 2ai — cos(q;2 + eta + ^5) cot csc 64 sec ai) sin ^5 
2 cot 2ai sm(2Q;3 + ^5) + csc^ cti sec cti) sin(Q;2 + as + 0^) tan ^4) , 

- CSC Oq [cot 2«i(— 2 + 4 cos(2a3 + 26^) + 4 cos cti csc 2ai(2 cos 9^ cos(a2 + (^3 + ^^5) cot 64 
+ sin ai) — 4 cot 6'4 sec sin(Q!2 — ^3 ~ ^5) sin 6*5) + 4 csc^ 2q!i(— cos^ 2q!i + csc^ O4) sec ^4 

(cos^ q;2 sin 2a\ sin ^4 — 2 cos a\ (cos ^4 cos ^5 cos(q;2 + q;3 + ^5) 
+ sin CKi sin^ q;2 sin ^4) — 2 cos ^4 sin cci sin(Q;2 — cts — ^5) sin ^5) tan 64 
— 4 tan ^4(— 2 cos cti cos(q;2 + a^) + 2 cos(q;2 — oc^ sin ai + cos 2q;2 sin 2ai tan ^4)] , 
= — csc [2 cos(a2 — — ^5) cos^^s cot Oq sin ai + cos cos(q;2 + ^a) cos2^^4 

+ cos(q;2 + Q;3 + 2^5)) cot sec^ ^4 + 2 cos(q;2 -\- a^-\- ^5) (sec O4 — cos ^5 cot Oq tan^ ^4)) 

= - csc 9q [cos(q;i + 0:2 — 0:3) — cos(q;i — 0:2 + 0:3) — cos(q;i + 0:2 — Q;3 — 29^) 

+ cos(q;i — q;2 + as + 26*5) — 4 cos ai cos sin(a2 + 03 + ^5)] , 

= - csc 6q [— cos(q;i — q;2 — c^s) — cos(ai + q;2 + Q^s) + cos(q;i — 02 — as — 2^5) 

+ 4 cos(q;2 — cks — ^5) cos ^5 sin cti] tan ^4. 



One checks the identities 



1 

^[ij ^fci pmn] _J_ ^ijklmn 

~ 15 



The raising and lowering the indices are done by the 6-dimensional metric on (2.20). 
: — :„ 4-forms F4mnp and F^mnp is given by 



7l23 
7l24 
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The fijk tensor appearing in 

= - cos ai sin^ ai sin^ 64 sin(Q;2 — as — 65) sin^ 9q, 

= - sin^ 64 sin^ [2 cos ai cos ^4 cos(q;2 — as — ^5) + sin ^4(cos 65 sin 2q;i 
8 

+ sin 6'5(sin 2q;2 — cos2q;i sin 2(0:3 + ^5)))] , 

= - sin^ 64 sin^ 6q 4 cos ai sin^ cti sin ^4 sin(a2 — as — ^5) + cos ^4 (sin 2ai sin 65 
8 L 

+ cos^5(— sin2Q;2 + cos2q;i sin2(Q;3 + ^5)))] , 

= — sin^ $4 sin^ 9q [cos 3ai cos(q;2 — as — 65) cos 9q sin ^4 

+ cos ai cos ^6(~4 cos 64 cos ^5 sin ai + (5 — 2 cos 2ai) cos(q;2 — 03 — ^5) sin $4) 

— 2 cos 04 COS 6*6 sin 6'5(sin 2^2 — cos 2ai sin 2(03 + 6*5)) 

+ 2(cos 2q;2 — cos 2ai cos 2(03 + ^5)) sin Oq] 



7l26 — 



7lS4 



+ Z[cos la-i — cos ia\ cos l[as + ^5 j j sm t/ej , 

= \ sin^ Q4 sin^ [2 cos ai (cos Q4 cos(q;2 — a^, — — cos ^5 sin a^ 
8 



sin ^4) 



28 



7l35 — 



7^136 — 



145 



■ 146 



156 



2234 

^235 
^236 

7245 



+ cos^ Q!i sin 2q;2 sin ^4 sin^5 — sin ^4 sin ^5(sin^ cti sin2Q;2 + sin2(Q;3 + ^5)) , 

^ cos ^4 sin^ 04 sin^ 9q [— cos(2q;i — ^5) + cos(2q;i + ^5) + cos ^5(sin 2{ai — 
sin 2Crv, + rvn^l + 2sin 2('rvo + f)^))] . 



16 

sin 2{ai + as) + 2 sin 2(q;3 + ^5))] 
X 

— sin^ 6*4 sin^ 9q [4 cos ai cos(q;2 — <^3 — ^5) cos 9^ sin 



16 

+ cos ^4 cos 6*6(2 cos 6*5 sin 2q;i + sin6'5(sin2(ai — 02) — sin2(Q;i + 0:2) 
+ 2sin2(Q;3 + ^5))) + (cos2(q;i — + cos2(q;i + — 2cos2(q;3 + ^5)) sin^e 
= ^ sin 9^ sin^ 96 [2 cos(2q;2 - 6*5) + cos(2q;2 - 26I4 - 9^) + cos(2q;2 + 26I4 - 9^) 
2cos(2q;2 + ^5) + cos(2q;2 - 2^4 + ^5) - 2cos(2q;3 - 26*4 + ^5) + cos(2, 
2(cos(2a3 + 26*4 + 6*5) + 2 cos(2a3 + 3^5) + 2(cos ai cos(a2 - "a - ^'5) 



- 2(cos(2a3 + 26*4 + 6*5) + 2 cos(2a3 -f- oc/g 

— cos(q;2 + q;3 + 6*5) sin ai) sin 26*4 + 2 sin^ ^4(— cos 6*5 sin 2ai + cos 2ai sin 2q;2 sin 6*5))) 

= sin 9i 9q [(cos 2q;2 — cos 2(q;3 + ^5)) cos 9^ sin 9^ 

+ (cos ^4 (sin 2q;2 — sin 2(q;3 + ^5)) + 2 sin ^4( — cos ai cos(q;2 — a3 — 9^) sin 9^ 



4 

+ (cos^4(sin2Q;2 — sin2(Q;3 + ^5)) + 2 sin ^4( 

+ cos^5sinQ;i sin(Q;2 + 0^3 + ^5))) sin^g] > 

= — sin 6*4 sin^ 6*6 cos 6*6(8 cos^ 6*4 cos (q;2 + «3 + ^'5) sin ai 

+ 8 cos CKi cos(q;2 — q;3 — ^5) sin^ ^4 — sin 2^4(cos(2q;2 — ^5) + cos(2q;2 + ^5) 

— 2(cos(2q;3 + ^5) + cos ^5 sin 2ai — cos 2ai sin 2q;2 sin ^5))) 

+ 2((cos(2q;i - 2q;2) + cos(2q;i + 2q;2) - 2 cos(2q;3 + 26I5)) sin 6I4 

+ 4 cos ^4(cos tti cos(a2 — 0:3 — 6*5) cos 9^ + sin ai sin 9^ sin(Q;2 + ci;3 + 6'5))) sin 9q] 

= - sin 2ai sin^ 6*4 sin^ 6*6 [—2 cos ai cos 9^ sin(Q!2 — — 9^) 
8 

+ (cos 2q;2 + cos(2q;3 + 2^5)) sin 9^ sin ^5] , 

= —\ cos ^4 cos ^5 sin 2ai sin^ 9^ 9^ [cos 2q;2 + cos(2q;3 + 2^5)] , 
8 

1 „ „ _ 



■ cos 9i 

— — sin 2ai sin^ 6*4 sin^ 6*6 [2 cos cti cos 9^ sin 9^ sin(Q;2 — 0:3 
8 



+ COS ^4(cos 2q;2 + cos(2q;3 + 2^5)) cos 9q sin 9^ + (sin 2q;2 + sin(2Q;3 + 29^)) sin 6 
= — - sin^4 sin^ ^6 — 2 cos^ ai sin cti sin2^4sin(ci;2 — as — ^5) + (2 cos^ ^4 sin^ cti 
+ (cos 2a2 + cos(2a3 + 2^5)) sin 2ai sin^ 9^) sin 9^ 



-as- 9^) 

2a2 + sin(2a3 + 2^5)) sin ^e] 



2a2 + cos(2a3 + 2^5)) sin 2ai sin 



+ (cos 2a2 

+ cosai(2 cos^ 9^ cos 9^ sinai sin(2a3 + 26*5) — sin 26*4 sin(a2 + + 6*5)) 

■ sin 3^5) 



1 

^246 = o ^4 



+ 2( 



9e [cos ^6 sin 2ai sin 2a3(sin ^5 



8 

2 (cos 94 cos(2a3 + 2^5) sin 2a 



29 



+ 



^256 — 



^345 



346 



T, 



356 



456 



+ 
+ 

+ 

+ 
+ 
+ 



+ 



+ 
+ 

+ 
+ 

+ 

One has 
Maxwell 



2 sin ai sin ^4 sin(a2 — c^s — ^5) sin ^5) sin 9q-\- A cos ^5(003 OQ{siv? 
cos 2a^ sin 2ai sin^ ^5) — cos ai cos(q;2 + cks + ^5) sin ^4 sin 6q) 



4 cos^ cos 9q sin ai sin^ ^4 sin(Q;2 — as — ^5) 



-^sin^^e ^ 

2 cos cos^ ^^4 cos si^ ^4 sin(a2 + <^3 + ^5) — cos 64 cos ^6 sin^ ^4(2 sinQ;i( 
cos ai cos 2q;2 + sin ai) sin 9^ + sin 2ai sin(2Q;3 + ^^5)) 

cos ai cos(q;2 + as + ^5) sin 2^4 sin 9^ sin 9q + (cos 9^ sin ai sin 2^4 sin(Q;2 — as — ^5) 
sin2Q;isin^ " ' ■ ~ 

1 ^ 
- sin 9^ sin ^ 

cos ai sin 2^4 sin(a2 + + 6*5)] , 



^ 6l4(sin 2q;2 + sin(2Q;3 + 295))) sin 9^ 



2 cos^ ^^4 sin tti (cos cti cos 6'5 sin 2q;2 + sin cti sin 6*5) 



- sin ^4 sin^ 9q 



cos ^6 sin 2q;i sin 2q;2 sin 9^ — cos^ 9^(2 cos ai cos(q;2 + 0:3) 
in ^4 sin 9q + (cos ^4 sin 2ai sin^ 0:2 



cos(q;2 — CKs) sin cki) sin ^4 sin 9q + (cos ^4 sin 2ai sin^ 0:2 

sin «! sin ^4(cos(q;2 — tt3)(l + sin^ ^5) + cosq;2 sinaa sin 29^) 

cos ai{—2 cos^ a2 cos ^^4 sin ai + sin(a2 + t^s) sin 9^ sin 2^^5)) sin 9q 

2 cos ^5 sin tti (cos 6*6 sin ai + cos 0:3 sin 02 sin 6*4 sin 6*5 sin 9q)] , 

^ sin^ ^6 cos 94 cos ^6(— sin^ ^4(cos 9^ sin 2q;i sin 2q;2 + 2 sin^ cti sin ^5) 

cos ai sin 2^4 sin(Q;2 + eta + ^5)) + sin 2^4 (cos 9^ sin ai sin(Q;2 — eta — ^5) 

CKi cos(q;2 + eta + ^5) sin ^5) sin 9q\ , 

- sin^ 9q —4 cos^ ai cos cos sin 6'4 — 4 cos 9q sin 2ai sin 2q;2 sin 6'4 sin 9^ 
8 L 

4 cos(q;2 — ^3) cos^ 9^ sin ai sin 

2sinQ;i(cos(Q;2 — <^3){—^ + 2 cos 2^4 + cos 2^5) 

2 cos q;2 sin as sin 2^5) sin — cos ai (8 cos ^4 cos(q;2 + aa + ^5) cos 

(— cos(q;i + 2q;2 — 2^4) + 2 cos(q;2 + — 29^) + cos(ci;i — 2q;2 + 2^4) 

2 cos(a2 + 0:3 + 26^4) — cos(q;i — 2q;2 — 29^) + cos(q;i + 2q;2 + 29^) 



— COS 



2 cos(a2 + 0:3 + 26^4) 

4cos(a2 + «3 + 29^)) sin 6*6) + 4 cos 6'5( cos 6*6(1 + sin^ ai) sin 6*4 

identities which can be used for checking the 11-dimensional Einstein- 



2 cos aa sin sin a2 sin 6*5 sin 6*6)] . 



also various 
equations. 



'~r m jp \ '~r m fp 

ij 'mk ' -'- kj ^ mi 

rpmrpl.rprnrjil 



0, 



Slgjk-Si9ij + 2S',9ik, 



30 



6 

^ " k 

T. rjnjmn _ An 
tmn ^ ^ ) 

fijkP^'' = 0, 

c. ., rfrmnp pjk _ rv 
^ijkmnp ^ 

%jkmnpSj/p _ rv 

^ \ i-'-mnp — "-"j 

6 

V [to T-iipq^ . 

All these identities can be checked from the scalar product and the vector cross product of 
two vectors in Cayley space I^. According to the third equation, by taking the 6-dimensional 
covariant derivative on the almost complex structure Fij, one obtains the Tijk tensor. In 
other words, the above expression for Tj^^ can be determined via the explicit form for F^j. 
We present them here for convenience. In general, the second fundamental tensor of the 
hypersurface is different from the metric tensor but for S^, they are equivalent to each other. 
We use this property all the times. 

The Sijk tensor appearing in the 4-forms F4mnp and F^^nnp is given by 

'S'i23 = — sin 2a;i sin^ ^4 sin^ [~8 COS cos(a2 + + ^^5) COS 
64 

— cos6'4(cos(ai — a2 — as) + cos(q;i + a2 + as) + 2 cosai(cos(a2 + as) 

— 2 cos(a2 + as + 2^5)) — 8 cos(a2 — as — ^5) cos 65 sin ai) sin 9q] , 

'S'124 = o sin^ 64 sin^ 9q [cos 9q (sin 2ai sin 64 sin 9^ — 2 cos ^4 sin ai sin(a2 + as + ^5) 
8 

+ 2 cos(a2 + as + ^5) sin ai sin 9^ sin 9^ + cos ^5(cos 9q sin ^4(sin 2a2 
+ cos 2ai sin(2a3 + 26*5)) — 2 cos ai sin(a2 — as — ^5) sin 9q)\ , 

'S'125 = 16^^^^ ^^^'^ ^ ^6 ( ~ 2 cos a 1 cos 6*4 cos 6*5 sin a 1 

— 4 cos^ ai cos(a2 + as + ^5) sin ai sin ^4 + cos ^4 sin ^5(sin 2a2 + cos 2ai sin(2a3 + 2^5))) 
+ (—2 cos 2a2 cos^ ^4 — 2 cos 2ai cos ^4(cos ^4 cos(2as + 2^5) 

+ (cos ai cos(a2 — as — 29^) 

— cos(a2 + as + 26*5) sin ai) sin ^4) + (cos a2 cos as (cos ai — sin aif 
+ (cos ai + sin ai)^ sin a2 sin as) sin 26*4) sin 6*6 , 

'S'i26 = — o ^'^1 ^4 ^^^^ ^6 [cot ^4 (cos a2 COS 9^ CSC ai sec ai sin a2 
8 

+ sin ^5 + cos ^5 cot 2ai sin(2a3 + 2^5)) + sec ai sin(a2 + as + ^5)] , 

31 



'-'134 — 
+ 
+ 
+ 
+ 
+ 

'S'l35 = 



'S'lae — 



+ 



'S'l45 — 

+ 
+ 
+ 



+ 

+ 
+ 
+ 
+ 

+ 

+ 



sin^ 04 sin^ 9q [3 cos(2q;3 + 2^5) cos 9^ sin 64 sin ^5 + cos 64 cos ^6(csc ai 



zq;3 -h zt/5 ) cos t/g sm t/4 sm t/5 -|- cos t/4 cos t/gl^csc a 
4 sin CKi) sin(Q;2 + 0:3 + ^5) — (cos ^5(4 cos ai + sec cci) sin(Q;2 — eta — ^5) 
cos(q;2 + 0:3 + ^5) (esc CKi + 4 sin a\) sin ^5) sin ^6 + 3 cos Q% sin ^4(sin(2Q;; 
sin ^5 tanai) + cos 2ai(— cos Q4 cos esc a\ sin(a2 + 03 + ^5) 
6*5(3 cos 6*6 sin 2q;2 sin 6*4 — sec tti sin(Q;2 — 0:3 — ^5) sin 6*6) 
^5(cos(r- ' ' , Q„^.^_^. 

-^sin3^e,, 

4 cos Q4 sin^ ^4 (cos d^{— cos sin 2ol\ + 2 cos(q;2 
iin6'5(cos^6(cos2ai sin 2a2 + sin(2Q;3 + 26*5)) 



cos 

sin 6'5(cos(q;2 + q;3 + ^5) esc a\ sin ^6 + 3 cos Q% sin Q4 tan ai))] , 
(cos 2q;i cos 2q;2 + cos(2q;3 + 2^5)) sin^ 2^4 sin 
^4 (cos d^{— cos Q% sin 2o;i + 2 cos(q;2 + q;3 + ^5) sin a\ sin ^4 sin 



+ sm 6'5 



2 cos a\ sin 6*4 sin(Q;2 — «3 — ^5) sin 6'6))] , 

— sin^ ^4sin^ [— cos^4(cos(2Qii — ^5) — cos(2q;i + ^5) + 2 cos ^5(cos2q;i sin2Q;2 



£g sin Q4 sin [— cos ^4(cos(2Qii — ^5) — cos(2q;i + 
sin(2Q;3 + 2^5))) + 4 sin a\ sin Q4 sin(Q;2 + q;3 + ^5)] , 

- sin Q4 sin^ 12 eos 2q;2 cos^ Q4 cos sin ^5 + 80 

48 L 



i „ 
— — sin ^4 sin 



12 cos 2q;2 cos^ Q4 cos sin ^5 + 8 cos(2q;3 + 2^5) cos Q% sin ^5 

4 cos(2q;3 + 26^5) cos cot^ 2oL\ sin + 4 cos(2a3 + cos 6'6 csc^ 2q;i sin 6*5 

5 6*6 sin 2oL\ sin^ 6*4 sin 6^5 



'146 



2 cos 2q;3 cos sin^ sin 6*5 + 8 cos 6*6 sin 2ai sin^ 6*4 sin 
cos ^6 CSC «! sin 2^4 sin(Q;2 + q;3 + ^5) + 10 cos sin cti sin 2^4 sin(Q;2 + as + ^5) 
10 cos sin^ ^4 sin(2ci;3 + ^5) + 6 cos Q4 sin 2q;2 sin ^6 + 2 sec ^4 sin 2q;2 sin 
4 cot^ 2q;i sec Q4 sin 2q;2 sin ^6 + 4 csc^ 2q;i sec ^4 sin 2q;2 sin 

4 cos(q;2 + ^3 + ^5) CSC a\ sin Q4 sin ^5 sin — 16 cos(q;2 + q;3 + ^5) sin a\ sin ^4 si 

6 cos Q4 sin(2a3 + 2^^5) sin ^6 + 2 sec Q4 sin(2a3 + 2^^5) sin 

4 cot^ 1a\ sec 6*4 sin(2Q;3 + 26*5) sin 6^6 + 4 csc^ 1a\ sec 6^4 sin(2Q;3 + 26*5) sin 6*6 

2 cos ^5 sin ^4(cos sin 2q;3 sin Q4 — 3(2 cos a\ + sec a\) sin(a2 — ol^^ — ^5) sin 

4 cos ^6 sin^ Q4 sin ^5 tan ol\ + cos 2q;i(4 cos(q;2 + 0:3 + ^5) esc cci sin Q4 sin ^5 sin 

6 cos ^5 sin ^4(2 cos sin 2q;2 sin Q4 — sec cti sin(Q;2 — a^ — O5) sin ^g) 

cos 9e{— CSC «! sin 2^4 sin(Q;2 + as + ^5) + 4 sin^ ^4 sin 9s tan ai)) 

cos 6*6 csc^ tti sec cti sin(Q;2 — 0:3 — 6*5) tan 6*4 — 6 sin 2q;2 sin 64 sin 9q tan 94 

6 sin ^4 sin(2a3 + 26*5) sin 9q tan 94 

2 cos CKi cos 9q sin(Q;2 — — 6*5) (5 sin 26*4 — 2(cot^ 2ai + sin^ ^4) tan ^4) 
^ cos ^5 sin 94 sin^ [cos 2q;2 + cos(2q;3 + 2^5)] , 



32 



'S'l56 — 



'234 



s. 



245 



'S'246 
'S'256 



*-'345 

'S'346 
'S'356 



- sin ^4 sin^ 9q —4 cos^ cti cos a2 cos ^4 cos 9^ sin a2 sin 64 
8 L 

+ sin 2^4(cos ^5(sin^ ai sin 2q;2 — 2 cos sin 0:3) + (cos 2a2 — cos 2q;3) sin ^5) 
— 4 cos tti cos ^4(cos ^4 sin(Q;2 — (^3 — 65) + sin ai sin 64 sin ^5) 



+ 4sinQ;i sin^ 6'4sin(Q;2 + ^3 + 6*5) 
1 

= - sm 



„^ 1 ' "O/ 7 

— oiix 2ci;i sin^ ^4 sin^ 9q [—2 cos ^4 cos(q;2 + a3 + 9^) cos sin ai 
8 

+ cos ^5 (cos 2q;2 — cos(2q;3 + 2^5)) cos 9^ sin ^4 — 2(cos ai cos(q;2 — as — 9^) cos 9^ 
+ sin CKi sin ^5 sin(Q;2 + 0:3 + ^5)) sin 9^ , 

= - cos 64^ sin 2ai sin^ 64^ sin'^ [(cos 2q;2 — cos(2a3 + 2^5)) cos 6q sin 9^ 
8 

+ (cos ^4(sin 2q;2 — sin(2Q;3 + 29^)) + 2 sin ^4(— cos cti cos(q;2 — — 6*5) sin ^5 
+ cos ^5 sin Oil sin(Q;2 + Q;3 + ^5))) sin ^g] , 

= — sin 2ai sin^ ^4 sin^ 9q [cos ^4 cos ^5 (cos 2q;2 — cos(2q;3 + 2^5)) 
8 

+ 2 cos(a2 + q;3 + ^5) sincKi sin^4] 



= - sin 9^ sin^ 9^ [— cos 9q{2 cos(«2 ~ cts — ^5) sin ai sin 2^4 
8 

+ sin 2q;i(2 cos 2q;2 cos 9^ sin^ 6*4 + sin 2q;3 sin 8^5)) 

5 ^6 + 2 cos 94 cos 2^5 sin 9q) 



-iji^H^^ -^vykj. ^1^2 <^>-/k:. i/f, k:.ij.i 1/4 I i;.iJ.i -iji^j k:.iJ.i <ji/t,yy 

+ COS 2q;3 sin 2ai{{— cos 2^4 cos ^5 + cos 8^5) cos 9q-\-2 cos ^4 cos 2^5 sin 9, 

— 4 cos^ «! COS ^5 (cos^ ^4 COS 9q — 2 sin ai sin(Q;2 — a^) sin ^4 sin ^5 sin 9^) 
+ 2 cos Oil (2 cos(q;2 + 0:3 + ^5) cos 9q sin^ ai sin 2^4 

+ 2 cos(a2 — as) cos^ 9^ sin 2ai sin ^4 sin + sin ai sin ^5 (cos 2^4 cos 9g sin 2q;3 

+ 4(— cos ^4 cos 6*5 sin 2q!3 + sin ai sin 6*4 sin(Q;2 + as + ^5)) sin 6*6))] , 

= - cos ai sin ^4 sin^ 9^ [— cos cti sin 9^ + cos ^5 sin ai sin(2Q;3 + 2^5)] , 

— - sin 2ai sin^^4 sin^ ^6 — 2 cos^ 6*4 cos(q;2 — as — 6*5) sec ai 
8 '- 

— 4cos(a2 + as + ^^5) sinai sin^6'4 

+ (cos(2a3 + ^5) + cos^5(— cos2a2 + cot ai)) sin 2^4] , 

= - cos 94 sin 2ai sin ^4 sin^ 9^ [cos(a2 — as — ^5) cos 9^ sec a\ 

— cos 94 COS ^6 (cos ^5 cot tti + sin 2a2 sin ^5) + cos 2a2 sin 9^ , 
= - sin 2ai sin 6*4 sin^ 6*6 [cos 6*5 sin 2a2 — cot ai sin 6*5] , 

= ^ cos 94 sin 2ai sin^ ^4 sin^ 9^ [cos 9^ cot ai 

+ cos(a2 — as — ^5) cot ^4 sec ai + sin 2a2 sin ^5] , 



sin 94 



88 



'S'456 — 7: sin^ 9g [2 cos a2 cos 64 cos 65 sin ai sin 

+ sin ^4(— cos ^5 sin 2q;i sin 2q;2 + 2 cos^ ai sin ^5) 

+ 2 cos ^4 sin ai (— cos as sin(Q;2 — ^5) + sin sin as sin ^5)] . 

Let us also present the other identities which contain the above S'jjjt tensor. 



A rpjmn 



4 5f, 



1 6 



fj ^ jkmnpq p p _ 4 



SijkF^'' = 0, 
ViS'^" = 0, 

There is no G2-invariant vector. As mentioned, there exists a relation (2.19) which shows how 
the above tensor Sijk can be obtained from the previous two tensors. 



Appendix E The Ricci tensor 

The Ricci tensor appearing in (3.7) is given by explicitly 



— R^, 



Ra 



Ra — 



5 10 
/I4 



R-l^ 



R' = 



^5^ 



R'' = 



Rn 



Ra 



COS fi cos ip 



R. 



1 — cos^ ip sin^ 11 
CSC II sin i/j 
y'l — cos^ V sin^ /X 

CSC // sill ( ' 



4 ) 



^1 — cos^ V sin^// 

cos cos 



■4 



1 — cos^ ip sin^ /i 

COS^ /i COS^ '(/' 



1 — cos^ ip sin^ /i 
cot /i sin cos ip 



R.' + 



sin^ 'i/' 



1 — cos^ ip sin^ fi 
cot /X sin -0 cos ip 
1 — cos^ ip sin^ // 



i?5^ - 



1 — cos^ Ip sin^ /i 
cot sin cos Ip 
1 — cos^ Ip sin^ /i 



11 ) 



cot /X sin Ip cos -0 
1 — cos^ Ip sin^ 



R-ui— -Rb^)^ 



34 



Rq 



sin II sin ip 



p 10 _ D 10/ D 6\ 

-'•'10 ~ -'•'10 K~ ■'^6 )j 



\Jl — cos^ V sin^ 

sill // cos // sill ( ' cos if) 



R 



10 _ 



11 



1 — cos^ V sin^ IX 



-^11 - 



1 — cos^ ip sin^ fi 
sin^ ip 



p 5 I p 10 



sill // cos // sill ( ' cos ijj 
1 — cos^ ip sin^ fj, 
COS^ fjL cos^ -0 



R 



11 
11 ) 



1 — cos^ ip sin^ /I 



R'' 



11 ' 



1 — cos^ sin^ /I 



R^ + 



COS^ /X COS^ 'i/' 

1 — cos^ ip sin^ // 



Here the Ricci tensor R^ in the right hand side above is for G2-invariant case we presented in 
the Appendix A and the old variable 9 should be replaced by the new variables (/x, ■0) through 
(3.4). Note that there are off-diagonal components (4, 10), (4, 11), (5, 10), (5, 11), (11,4), (11,5), 
and (11, 10) while there exist only (4, 5) and (5, 4) components in G'2-invariant flow. One also 
obtains these components from the 11-dimensional metric (3.6) directly. 

Appendix F The 4-forms 



The 4-forms appearing in (3.8) are given by 

COS/i cosip 



1234 



-^12311 



ibmn — 



45m 11 — 



-^1234, -^1235 — ~ 

sin ^ sin 
Y^l — cos^V sin^/x 
cos ji cos 



— cos^ ip sin^ /X 
-f'1235, 

sin'^ 



1235) 



1 — cos^ ip sin^ 
cos /i cos ip 



ibmn 



1 — cos^ sin^ /X_ 

smip 



F45m 10 + 



1 — cos^ ip sin^ /J, 
sin /i 



Fimnu,{m,n = 6, •••,10), 



45 1011 



1 — cos^ ip sin^ n 
sin // 

yl — cos^^/Tsin^t 

sin fj, sin ip 
Y^l — cos^V sin^/i 



1 — cos^ sin^ /i 
^4mioii, (m = 6, •••,9), 



45m 11 



-^45 10 11 , -^4mnp — -^4mnp, ("^, n, p — 6, • • • , 10) , 

sin II COS // COS ip 



Fibmn + -^4mn 10 



1 — cos^ sin^ 



4mn 11 ) 



35 



4m 10 11 



bmnp 



5mn 11 



+ 



(m,n = 6,---,9), 
sin /I sin ip 
1 — cos^ ip sin^ fjL 

cos // COS ( ' 

y^l — cos^ ijj sin^ /j, 

cos COS-?/' 

1 — cos^ ip sin^ /i 



45m 10 



5mn 10 



+ 



sin ^ cos IX cos '0 
1 — cos^ sin^ /X 

siu ( ' 
1 — cos^ if) siv? II 

sin fj, 



^4ml011,("^ = 6, •••,9), 

-^mnpii, (m,n,p = 6, ■ ■ ■ , 10), 



5m 1011 



mnpq 



mnp 11 



1 — cos^ sin fJ, 
sin /i 



1 — cos^ ip sin^ 
-Amnion, (m,n = 6, • • • ,9), 



5mn 11 



5m 10 11 



mn 1011 



-^1 — cos^ -0 sin^ jj, 

Fmnpq, {m, U, p, Q ^ 6, ■ ■ ■ , W) , 

sin II sin ^ 

_\Jl — cos^ip sin^/i_ 
(m,n,p = 6, •••,9), 
sin /X sin 



, (m = 6, •••,9), 



bmnp ~r -f^ mnp 10 



1 — cos^ -0 sin^ /i_ 



5mn 10 



sin II cos /X cos -0 
1 — cos^ -0 sin^ II 

sin /X cos II cos ^ 



mnp 11 ) 



1 — cos^ ■0 sin^ II 



Fmnioii:{'m,n = 6, •••,9). 



Here the 4- forms Fmnpq in the right hand side is for G2-iiivariant case and is given by (2.25) 
together with the Appendices B and D. Note that the old variables {6, 9^, 9e) should be 
replaced by the new variables {ix,(p,ip) through (3.4). The 4-form F12311 is new. 
The 4-forms with upper indices are given by 



^1234 



-1I23 10 



ri45mn 



7i45m 10 



n45m 11 



^1234 



^1235 _ 

CSC /i sin ip 



COS/i COS-0 



-yr^-cos^~0~sin%t 
COS n cos ip 

\Jl — cos^ tp s\v? n 
cos n cos ip 



1 — cos^ Ip sin II 

jpl235 ^12311 



^1235 



CSC /i sin Ip 



^1235 



-^1 — cos^ Ip sin^ II _ 

(m,n = 6, •••,9), 



1 — cos^ tp sin^ n 
sin^]F^'"^"\ (m = 6,---,9), 

pAbm 11 



^45mn_ Jg-^^l pAmnll ^ 

CSC /i ^1 — cos^ sin^ 



n45m 10 



ri45m 11 



CSC nyl — cos^ sin 



(m = 6,---,10), 
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p4mnp ^ pAmnp^ (m, 71, p = 6, • • • , 9) , 

pAmn 10 ^ pimn 10 ^ [^^g ^ ^] ^4mn 11 _ 



CSC // sin -0 



piAmn 11 

pbmn 10 

pbmn 11 
pmnp 10 



CSC // sill ( 



Y^l — cos^ V sin^ /i 

cos /i COS 

1 — cos^ sin^ 
cos// cosV' 



Y^l — cos^ V sin^ // 

^45mn _ ^^^^ ^ ^| ^4mnll^ 



F 



45mn 



(m, n = 6, 



_ y 1 — cos^ -0 sin^ // 
+ [sinV'lF"^"'"'', (m,n = 6,---,9), 
= CSC fj, Y^l — cos^ sin^ fj, 



(m, n = 6, • • ■ , 10), 

^5mnp ^ Jg.^ ^1 ^mnp 11 ^ (m, 71, p = 6, • • • , 9) , 

CSC /X y'l — cos^ ijj sin^ // 



^bmn 10 



nSmn 11 



ri5mn 11 



pmnp 



11 



pmnpW ^ [^Qg^ ^Q^^] ^mnp 11 ^ 

CSC /X sin -0 



(771,71 = 6, •••,10), ^6789^ ^6789^ 

CSC /i sin ip 



F^^^f, (771,7l,p=6, 



1 — cos^ il) siv? 11 _ 

p5mnp _ [^Qg^ ^Q^^l ^mnpll^ {m,n,p = 6, ■ ■ ■ , 10). 



_\Jl — cos^ V sin^ 

The 4-forms i^^^sio ^^^^^ ^12311 g^^^^ new, compared to the G2-invariant flow. 

Appendix G The left hand side of Mcixwell equation 

The Maxwell equations can be summarized as follows. Let us introduce the notation 

where wc ignore the tilde in (NPQ) for simphcity and present aU the nonzero components of 
left hand side of Maxwell equations in terms of the 4-forms in G2-invariant case 



(123) = -K 



49 1011-^5678 



48 1011-f^5679 



48911-t^567 10 



+ F 



489 10-f^56711 



47 1011-t^5689 



+ 


-P479 11-^568 10 


— -^47910-^56811 


~ -^47811-^56910 


+ -^47810-^56911 


~ -^4789-^56 10 11 


+ 


-^461011-^5789 


~ -^46911-^57810 


+ -^46910-^57811 


+ -^46811-^57910 


~ -^468 10-^579 11 


+ 


-^4689-^571011 


— -^46711-^58910 


+ -^46710-^58911 


— -^4679-^581011 


+ -^4678-^591011 




-^45 1011-^6789 


+ -^45911-^67810 


~ -^459 10-^678 11 


~ -^45811-^67910 


+ -^458 10-^67911 




-^4589-^67 1011 


+ -^45711-^68910 


~ -^457 10-^689 11 


+ -^4579-^68 10 11 


~ -^4578-^691011 




-^45611-^789 10 


+ -^45610-^78911 


~ -^4569-^781011 


+ -^4568-^79 10 11 


~ -^4567-^891011 
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(456) = sin ip F1235 -^789 10, (457) = - sin F1235 -^689 10, 

(458) = sin ip F1235 -^679 10, (459) = - sin V' -F1235 -^678 10, 

(45 10) = sin V' F1235 i^6789 , (467) = F1235 i^89 10 11 , 

(468) = — -F1235 -^79 1011, (469) = F1235 -^78 10 11 , 

(4610) = Fi235(cOS7/' COt/xF78910 - -^7891l), 

(4611) = -COS0 cot AiFi235-p78910, (478) = F1235 -^69 10 11, 

(479) = -^1235 ^^68 10 11. (4710) = Fi235(-COS^/:'COt/xF68910 + -^6891l), 

(4711) = COS'0 COt//Fi235-^68910, (489) = F1235 -^67 10 11, 

(4810) = -Fl235(cOsV'COt//F679io - F679ii), (48 11) = - COS V' COt // F1235 -^679 10, 

(4910) = Fi235(-COSz/'COt//F678l0 + -F6781l), 

(49 11) = cos l/j cot IJ, F1235 ^678 10, (4 1 11) = - COS ^ cot fx F1235 ^6789, 

(567) = sin V'( — -Fl235-^489 lO + -^1234-^589 10) H / ^ -^1234 -^89 10 11, 

Y 1 — cos^ -0 sin n 

(568) = sin ip (F1235F479 10 — -F1234-P579 10) / ^ -P1234 -P79 10 11 , 

'1 — cos^ sin IX 



(569) — sin '0(— F1235F478 10 + ^1234-^578 10) H — , / ^ -- ^ V ^ F1234 -^78 10 11, 

\/l — cos-^ 1/) sin'^ /i 

COS jJj COS ^jj j 

(56 10) = , -F1234 -^789 11 + CSC /X y 1 - COS^ -0 sin^ jX F1234 -^789 10 

Y 1 — cos^ il) sin^ IX 

+ sin Ip (F1235 -^4789 — -^1234 -^5789), 



(5611) = — CSC /X Y 1 ~ cos^ sin IXF1234F', 



789 10, 



cos /i cos ip 

(578) = sin'0(— F1235F46910 + -^1234-^56910) H — / -^1234 -^691011, 

Y 1 — cos^ ip sin^ /x 

cos IX cos ip 

(579) = sin ■0(-^1235-^468 10 — -^1234-^568 lo) / -^1234 -^68 10 11, 

Y 1 — cos^ ip sin IX 

COS Li COS Ip I 

(5710) = . Fi234 -^689 11 - CSC Y 1 - COS^ Ip SIT? /X F1234 -^e 

Y 1 — cos^ Ip sin^ jx 
+ sin tp (— F1235 -F4689 + -^1234 -^5689) , 

(5711) = CSC /X ^1 — cos^ V sin^ n F1234 Fe 



689 10 



689 10, 



COS IL COS Ip 

(589) = Sin'0(— F1235F46710 + -^1234-^567 10) H / -^1234 -^671011, 

Y 1 — COS^ %p S\V? IX 

COS LL COS "0 j 
(5810) = Fi234 -^679 11 + CSC /X Y 1 - COS^ -0 sin^ IX Fi234 -^679 10 

Y 1 — cos^ %p siv? IX 
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+ sin ip (F1235 -F4679 — -^1234 -^5679), 

(58 11) = - CSC v'T^^COS^^/i'sinV -^1234 -^679 10, 

COS U/ COS ijj I 

(59 10) = , -F1234 -^678 11 - CSC y 1 - COS^ ijj Sin^ jl F1234 i^678 10 

y 1 — cos^ ip sin^ fj, 

+ sin Ip (— F1235 ^4678 + -^1234 -^5678) , 
(59 11) = CSC II ^1 - C0S2 V' sin V -^1234 -^678 10, 



(5 10 11) = - CSC y 1 - COs2 l/j Sin^ H F1234 -^6789, 

(678) = -(F1235F49 1011 — -f^l234 -^591011 ), (679) = (F1235 i=^48 1011 — -^"1234 -^581011)5 

(67 10) = -F1235 ^489 11 + COS ^ cot /x(Fi235 ^489 10 " -^1234 -^589 lo) 

TP TP '^^'^ fi simp 

+ -f^I234 -f^89 11 H ; -fl234 -f^9 10 11 , 



cos^ ip sin n 

CSC ji sin ip 

(6711) = cos V' cot /x(-Fi235-^489 10 + -^1234-^58910) , -^^1234 -^89 10 11 , 

y 1 — cos^ ip sin^ /j, 

(689) = —(^1235 -^471011 — -^1234 -^571011), 
(68 10) = F1235 -^479 11 - cos Ip cot /i(Fi235 -^479 10 " -^1234 -^579 lo) 

p p csc/xsinV> 

~ -f^l234 -f^57911 1 „ -^"1234 -t^791011, 



yr^-cos^^^/Tsin^t 



CSC ^ sill Ip 

(68 11) = COS tp cot A*(Fi235-^479 10 " -^1234-^579 lo) + y -^1234 -^79 10 11, 

1 — cos^ Ip sin^ /X 



(69 10) = --F1235 -^478 11 + cos ^p cot yU(Fi235 -^478 10 " -^1234 -^578 lo) 

IP TP fJ. sinip 

+ -f^234 -f^78 11 H , - -n.234 -f^8 10 11 , 

y 1 — cos^ Ip sin^ II 

CSC jJj sill Ip 

(6911) = COS V' cot /i(-Fi235-^478 10 + -^1234-^57810) j -^^1234 -^78 10 11 , 

y 1 — cos^ Ip sin^ // 
CSC Lt sm 

(6 10 11) = cos cot //(Fi235-^4789 " -^1234-^5789) + y -^1234 -^789 11, 

y 1 — cos^ Ip sin /i 

(789) = (-^1235 -^46 10 11 ~ -^"1234 -P56 10 11) , 

(7810) = —-^1235 -^469 11 + COS Ip COt /i(-Fl235 -^469 10 — -^1234 -^569 lo) 
^ F F I csc/xsinV> 

+ -t^ 1234 569 11 H / = -^1234 -^691011, 

y 1 — cos^ Ip sin // 

CSC jjj sm 

(78 11) = cos Ip cot Ai(-Fi235F469 10 + ^1234^569 lo) , === -^"1234 ^69 10 11, 

y 1 — cos^ Ip sin /i 

(79 10) = F1235 -^468 11 - cos Ip cot /x(Fi235 -^468 10 " -^1234 -^568 lo) 
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— -f^l234 -f^68 11 / - 1234 Fq^ iq h , 

Y 1 — cos^ if] siv? II 

CSC fx sill 'i^ 

(79 11) = cos V' cot //(Fi235-^468 10 " -^1234-^568 lo) + y ^^1234 -^68 10 11, 

Y 1 — cos^ sin fjb 

CSC ^ sill 

(7 10 11) = cos V' cot At(-Fi235-^4689 + -^1234-^5689) , == -^1234 -^689 11, 

Y 1 — cos^ ip sin ji 

(89 10) = --F1235 -^467 11 + cos i) cot /i(Fi235 -^467 10 " -^1234 -^567 lo) 

CSC sin ip 
Y^l — cos^ sin^ ^ 

CSC jJj sill '?|/^ 

(8911) = cos V' cot /x(-Fi235-^467 10 + -^1234-^56710) y -^^1234 -^67 10 11 , 

1 — cos^ ip sin^ // 



^ p p I csc^sinV^ 

+ -f^l234 -f^56711 "I ; -^1234 -f^671011. 



CSC Li Sill ijj 

(8 10 11) = cos V' cot At(Fi235-^4679 " -^1234-^5679) + , -^1234 -^679 11, 

Y 1 — cos^ -0 sin^ // 
CSC LI Sin lb 

(9 10 11) = cos i) cot //(-Fi235-^4678 + -^1234-^5678) , == -^1234 -^678 11- 

Y 1 — cos^ V sin ji 

Note that there are nonzero components (45m) where m = 6, ■ ■ ■ , 10 while these are vanishing 
for G2-iiivariant flow. 



References 

[1] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, "N=6 superconformal Chern- 
Simons-matter theories, M2-branes and their gravity duals," JHEP 0810, 091 (2008). 
[arXiv:0806.1218 [hep-th]]. 

[2] I. R. Klebanov and E. Witten, "Superconformal field theory on threebranes at a Calabi- 
Yau singularity" Nucl. Phys. B 536, 199 (1998) [arXiv:hep-th/9807080]. 

[3] J. M. Maldacena, "The large N limit of superconformal field theories and supergravity," 
Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [arXiv:hep- 
th/9711200]; E. Witten, "Anti-de Sitter space and holography" Adv. Theor. Math. Phys. 
2, 253 (1998) [arXiv:hep-th/9802150]; S. S. Gubser, I. R. Klebanov and A. M. Polyakov, 
"Gauge theory correlators from non-critical string theory," Phys. Lett. B 428, 105 (1998) 
[arXiv:hep-th/9802109]. 

[4] C. Ahn and J. Paeng, "Three-dimensional SCFTs, supersymmetric domain wall and 
renormalization group flow," Nucl. Phys. B 595, 119 (2001) [arXiv:hep-th/0008065]. 



40 



[5] C. Ahn and K. Woo, "Supersymmetric domain wall and RG flow from 4-dimensional 
gauged N = 8 supergravity," Nucl. Phys. B 599, 83 (2001). [arXiv:hep-th/0011121]. 

[6] C. Ahn and S. J. Rey, "More CFTs and RG flows from deforming M2/M5-brane horizon," 
Nucl. Phys. B 572, 188 (2000). [arXiv:hep-th/9911199]. 

[7] C. Ahn and T. Itoh, "An N = 1 supersymmetric G(2)-invariant flow in M-theory," Nucl. 
Phys. B 627, 45 (2002). [arXiv:hep-th/0112010]. 

[8] R. Gorrado, K. Pilch and N. P. Warner, "An N = 2 supersymmetric membrane flow," 
Nucl. Phys. B 629, 74 (2002) [arXiv:hep-th/0107220]. 

[9] G. Ahn, "Holographic Supergravity Dual to Three Dimensional N=2 Gauge Theory," 
JHEP 0808, 083 (2008). [arXiv:0806.1420 [hep-th]]. 

[10] M. Benna, I. Klebanov, T. Klose and M. Smedback, "Superconformal Ghern-Simons The- 
ories and AdS^/CFTs Gorrespondence," JHEP 0809, 072 (2008). [arXiv:0806.1519 [hep- 
th]]; I. Klebanov, T. Klose and A. Murugan, ''AdS^/CFTs - Squashed, Stretched and 
Warped," JHEP 0903, 140 (2009). [arXiv:0809.3773 [hep-th]]; I. R. Klebanov, S. S. Pufu 
and F. D. Rocha, "The Squashed, Stretched, and Warped Gets Perturbed," JHEP 0906, 
019 (2009) [arXiv:0904.1009 [hep-th]]. 

[11] C. Ahn, "Towards Holographic Gravity Dual of N=l Superconformal Ghern-Simons 
Gauge Theory," JHEP 0807, 101 (2008) [arXiv:0806.4807 [hep-th]]. 

[12] G. Ahn, "Gomments on Holographic Gravity Dual of N=6 Superconformal Ghern-Simons 
Gauge Theory," JHEP 0903, 107 (2009). [arXiv:0812.4363 [hep-th]]. 

[13] N. Bobev, N. Halmagyi, K. Pilch and N. P. Warner, "Holographic, N=l Supersymmetric 
RG Flows on M2 Branes," JHEP 0909, 043 (2009) [arXiv:0901.2736 [hep-th]]. 

[14] G. N. Gowdigere and N. P. Warner, "Flowing with eight supersymmetries in M-theory 
and F-theory," JHEP 0312, 048 (2003) [arXiv:hep-th/0212190]. 

[15] G. N. Pope and N. P. Warner, "A dielectric flow solution with maximal supersymmetry," 
JHEP 0404, Oil (2004) [arXiv:hep-th/0304132]. 

[16] G. Ahn and K. Woo, "N=8 Gauged Supergravity Theory and N=6 Superconfor- 
mal Ghern-Simons Matter Theory," arXiv:0901.4666 [hep-th]; G. Ahn and K. Woo, 
"Are There Any New Vacua of Gauged N=8 Supergravity in Four Dimensions?," 
arXiv:0904.2105 [hep-th]. 



41 



[17] C. Ahn, "The Gauge Dual of Gauged N=8 Supergravity Theory," arXiv:0905.3943 [hep- 
th]. 

[18] C. Ahn and K. Woo, "Perturbing Around A Warped Product Of AdS^ and Seven- 
Elhpsoid," JHEP 0908, 065 (2009) [arXiv:0907.0969 [hep-th]]. 

[19] C. Ahn and K. Woo, "The Gauge Dual of A Warped Product of AdS4 and A Squashed 
and Stretched Seven- Manifold," Class. Quant. Grav. 27, 035009 (2010) [arXiv:0908.2546 
[hep-th]]. 

[20] S. Franco, I. R. Klebanov and D. Rodriguez- Gomez, "M2-branes on Orbifolds of the 
Cone over Q^'^'\" JHEP 0908, 033 (2009) [arXiv:0903.3231 [hep-th]]. 

[21] C. Ahn, "New N=2 Supcrsymmetric Membrane Flow In Eleven- Dimensional Supergrav- 
ity," JHEP 0911, 022 (2009) [arXiv:0909.3745 [hep-th]]. 

[22] C. Ahn, "The Eleven- Dimensional Uplift of Four-Dimensional Supcrsymmetric RG 
Flow," arXiv:0910.3533 [hep-th]. 

[23] B. de Wit and H. Nicolai, "N=8 Supergravity," Nucl. Phys. B 208, 323 (1982); B. de 
Wit and H. Nicolai, "N=8 Supergravity With Local S0(8) X SU(8) Invariance," Phys. 
Lett. B 108, 285 (1982). 

[24] N. P. Warner, "Some New Extrema Of The Scalar Potential Of Gauged N=8 Super- 
gravity," Phys. Lett. B 128, 169 (1983); N. P. Warner, "Some Properties Of The Scalar 
Potential In Gauged Supergravity Theories," Nucl. Phys. B 231, 250 (1984). 

[25] B. de Wit, H. Nicolai and N. P. Warner, "The Embedding Of Gauged N=8 Supergravity 
Into D = 11 Supergravity," Nucl. Phys. B 255, 29 (1985). 

[26] C. Ahn and T. Itoh, "The 11-dimensional metric for AdS/CFT RG flows with common 
SU(3) invariance," Nucl. Phys. B 646, 257 (2002) [arXiv:hep-th/0208137]. 

[27] E. Cremmer, B. Juha and J. Scherk, "Supergravity theory in 11 dimensions," Phys. Lett. 
B 76, 409 (1978). 

[28] M. J. Duff, B. E. W. Nilsson and C. N. Pope, "Kaluza-Klein Supergravity," Phys. Rept. 
130, 1 (1986). 

[29] B. de Wit and H. Nicolai, "A New S0(7) Invariant Solution Of D = 11 Supergravity," 
Phys. Lett. B 148, 60 (1984). 



42 



[30] F. Englert, "Spontaneous Compactification Of Eleven- Dimensional Supergravity," Phys. 
Lett. B 119, 339 (1982). 

[31] C. N. Pope and N. P. Warner, "An SU(4) Invariant Compactification Of D = 11 Super- 
gravity On A Stretched Seven Sphere," Phys. Lett. B 150, 352 (1985). 

[32] C. Ahn and K. Woo, "Holographic N=l Supersymmetric Membrane Flows," 
arXiv:1004.0619 [hep-th]. 

[33] M. Gunaydin and N. P. Warner, "The G2 Invariant Compactifications In Eleven- 
Dimensional Supergravity," Nucl. Phys. B 248, 685 (1984). 

[34] M. Gunaydin and F. Gursey, "Quark structure and octonions," J. Math. Phys. 14, 1651 
(1973). 

[35] A. K. Waldron and G. C. Joshi, "Gauging The Octonion Algebra," arXiv:hep- 
th/9211123. 

[36] B. de Wit and H. Nicolai, "The Consistency of the S**7 Truncation in D=ll Supergrav- 
ity," Nucl. Phys. B 281, 211 (1987). 



43 



